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Abstract:

The realization problem for 2D positive singular linear
hybrid systems is formulated, as well as a method based on
the state variable diagram for finding a positive realization
of a given improper transfer function is proposed. Suffi-
cient conditions for the existence of a positive realization
of a given improper transfer function are established.
A procedure for computation of a positive realization is
proposed and illustrated by a numerical example.
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1. Introduction

In positive systems inputs, state variables and out-
puts take only non-negative values. Examples of positive
systems are industrial processes involving chemical reac-
tors, heat exchangers and distillation columns, storage
systems, compartmental systems, water and atmospheric
pollution models. A variety of models having positive li-
near systems behaviour can be found in engineering, ma-
nagement science, economics, social sciences, biology
and medicine, etc.

Positive linear systems are defined on cones and not
on linear spaces. Therefore, the theory of positive sys-
tems is more complicated and less advanced. An overview
of the state of the art in positive systems theory has been
given in the monographs [2, 9]. The realization problem
for positive discrete-time and continues-time systems
without and with delays was considered in [1, 2, 9-13].
The reachability, controllability and minimum energy
control of positive linear discrete-time systems with de-
lays have been considered in [3]. The relative control-
lability of stationary hybrid systems has been investi-
gated in [20] and the observability of linear differential-
algebraic systems with delays has been considered in
[21]. A new class of positive 2D hybrid linear system has
been introduced in [14]. The realization problem for this
class of systems has been considered in [6, 15] and for
class of positive hybrid systems with delaysin [5, 7].

The main purpose of this paper is to present a new
method for computation of positive realizations for 2D
single-input single-output singular hybrid linear systems
using the state variable diagram method. Sufficient con-
ditions for the existence of a positive realization of a gi-
ven improper transfer function will be established and
a procedure for computation of positive realizations will
be proposed. Considerations will be illustrated by nume-
rical example.
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2. Preliminaries and formulation

of the problem

Consider a SISO singular hybrid system described by
the equations

[El 0}{ X, (t,0) }_{AH Alz}[xl(t,i)} {BI} _
. - . + u(tal)
0 E, | x,(t,i+1) A, A, || x,(ti)| | B,

(1a)
. x,(t,1) .
y(t,i) =|[c, CZ]{ } te R, =[0,+c], i€ Z,
X, (t,1)
(1b)

L. ox (1, . .

where X, (1,7) :%, x,(t,i)e R™, x,(t,i)e R™
t

are the state vectors u(t,i)e R™, y(t,i)€ R” are input

and output vectors and

E,AE Ie(nl-%—nz)><(n|+nz)7 BE Ie(nﬁ—nz)xm7 CG Rpx(n]+n2) are

real matrices.

0

. E 0
Itis assumed that det
0 E,

Es 0 A, A,
and det — #0.
0 E;z Ay, Ay

Boundary conditions for (1a) have the form
x,(0,i)=x,(i), ie Z, and x,(£,0) = x,(¢), te R, (2)

Note that the hybrid system (1) has the similar struc-
ture as Roesser model [5, 14, 16].

Let R"™is the set of nXxm real matrices with non-
negative entriesand R} = R,

Definition 1. The hybrid system (1) is called internal-
ly positive if x,(¢,i)e R, x,(t,i)e R and y(t,i)e
R}, teR,, i€ Z, for arbitrary boundary conditions
x,()eR", ieZ,, x,(t)e R, te R, andallinputs
u(t,i)e R, teR,,ieZ,.

Transfer matrix of the system (1) is given by the

Es—A,

formula
-1
_A12 :| |:Bl:| (3)
-4, E,z—-A,, B,

Definition 2. The matrices E|, E,, A, |,A,.A,,. A,
B,,B,,C,,C, are called the positive realization of the
improper transfer matrix, if they satisfy the equality (3).
A realization is called minimal if the matrices A;; and
Ay, have minimal dimensions among all positive reali-
zations of T'(s, 2).

The realization problem can be stated as follow.

With a given proper rational transfer function 7°(s, 2),
find its positive realization E, A, B, C.

T(s,2)=[C, C,]
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3. Problem solution
The essence of proposed method for solving of the realization problem for positive 2D hybrid systems will be presented on
the following improper transfer function

by,s2 + by 7+ b,57° +byys” +by,z” +by 57+ byys + by 2+ by,

T(s,2)= (4)
SZ+a, S +a,z+ay,
Multiplying the numerator and denominator of transfer function (4) by s >z~> we obtain
T(s.2) by, +by 727 +bysT bz by bys T 2 by 2 by s T by Tz Y (5)
,2)= -
sz 4 alos_'z"2 + ams_zz_' + aoos_zz_2 U
Defining
U
E= -1 _—1 1_-2 2 1 2 2 (6)
S 2 4ays z +ays Tz +ays 2z
from (5) and (6) we obtain
U-(s"7"+a,s 'z +a,s 7z +ays 2 )E=0 )

Y =(by, by 2 +b,s” bz +byys T +bys 2 by 27 +bys 7 +byys 2 0)E

Using (7) we may draw the state variable diagram shown in Fig.1

o T

=Eu+i
|I'|1

Fig. 1. State variable diagram for transfer function (4).

As a state variable we choose outputs of integrators (x,,(#,7), x,5(7,i)) and of delay elements (x,,(z,7), x,,(Z,i),
X,,(t,1), x,,(t,i)). We are dealing with the singular system and we have to choose one more state variable in this case
x,,(t,1). Using the state variable diagram (Fig.1) we can write the following state equations

0=—x,,(t,i)+u(ti)

X, (8,0) = x,,(8,0)

X5(t,0) = x,,(,0)

Xy (8,1 +1) = ay x5 (2,0) + X, (2,0) + X, (2,1)

Xy (0 +1) = agyx,; (t,0) + ayyx,, (2, 0)

Xp3 (t,i4+1) = by x5 (1,0) + by x5 (2,0) + by x,, (8,0) + x4, (2,1)

Xy (8,0 +1) = by x5 (2,1) + by X, (£,0) + by x,, (2,0)

Y(t,0) = by, x,;(2,0) + by, X, (£,0) + by, x,, (£,0) + X5 (2,1) (8)

Taking into account Definition 1 and (8), the following has been proved.

Theorem 1. The singular hybrid system with improper transfer function (4) is positive if the following conditions are
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satisfied:
e all coefficients of numerator of improper transfer function are non-negative,
e all coefficients of denominator of improper transfer function are non-negative.

Rewriting equations (8) in matrix form

000O0O0COO[ x,&) [0 0 0 =100 0fx,t,))] [1
01 0000 0 x,i 1 0 0 0 0 0 Ofx,@i)| |0
00100 0 0f &yt 0 1 0 0 00 0fx,t0| |0
000100 Ofx,ti+D|=[0 1 a, 0 0 0 0Ofx,i|+|0u@i
000O0T1 0 Ofx,tit)| |0 a, a, 0 0 0 O] x,()]| |0
00000 1 Ofx,@itl)| |by b, by, 0 0 0 1]x,t0)]| |0
00 000 0 1]x,ti+D)]| by by by 0 0 0 0]x, )] [0

ERGH

X, (t,1)

X5 (t,1)
yt.iy=|b, b, b, 0 0 1 0] x, (i)

Xy, (2,1)

X5 (2,1)

| X4 (2,0) | 9)

and if conditions of Theorem 1 are met, then positive realization of improper transfer function (4) of singular hybrid system
(1) has the form:

(000000 0 0] 0 0 0 -1 0 0 O] (1]
01 00O0O0O0 1 0 0 0 00O 0
00100O0O0 0O 1 0 0 00O 0
E=0 001 00 0f A={0 1 4, 0 0 O O} B=|0|
000O0OT1TO0OO 0 a, a, 0 0 0 O 0
000O0O0OT1O0 b, b, b, 0 0 0 1 0
000000 1] by by by O 0 0 O] 0]
C=b, b, by, 0 0 1 0] (10)
Generalizing the considerations on any improper transfer function we obtain
a4 L
2 bis'e
T(s.z)= e
m—1n,-1 o
Mz 4+ Zz a; ;s'z’
i=0 /=0
i+ j#En +n, (1 1)
wherer,=¢q,—n, >0, r,=q,—n, >0.
Multiplying the numerator and denominator of transfer function s~ z~% we obtain
b +b ., s'+b 7' +..+bys 7"
T(S9Z): -5 _—T o ql—lyqz—(rﬂ) e —(r+l) _r; - - - :£ (12)
sz +a,, ST ra, s T tags M U
Defining
U—-(s"z™" +anl’nz_1s7"z7('2”) +anl_1’n2s7("“)z’2 ot ays "7 PE=0
Y= (bql,sz +bqr1qus_l +bququz_l + "'+boos_qlz_q2)E (13)

we may draw the state variable diagram shown in Fig.2
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Fig. 2. State variable diagram for transfer function (11).

As a state variable we choose the outputs of integrators (x,,(z,1), x,,(%,0), ... 5 X (t,i)) and of delay elements
(x,,(@,0), x,,(8,0), ..., X3, (#,i)) . Using state variable diagram (Fig. 2) we can write the following differential and
difference equations

0=—x,,(t,i)+u(ti)
x]z(t’i) =X (z,7)
x13(tsi) = xlz(t9i)

K (D) = x,, (1,0)

Xy i+ D) =x,@ D) +a, ,, X, (0D +..+ag, X, (6,0 + X, (1)

m—ln

X, (ti)+a XD+ 2T S (t,0) + x,5(,0)

ny.ny—1 m=1,n,

Xy (ti+1)=a

Xy (t,i+1)= a, X (t,i)+ anl—1,1x13(t’ D+..+ amxlinlﬂ(t, i)+ X, (t,1)
X2, (t,i+1)= a, X (t,i)+ a, 10X (t,))+...+ Ao Xy 11 (t,0)

X, (8D +D X, D+t Iao’qz_lxl,nﬁrl (t,i)+ X342 (t,0)

q1-92 @=L,

Xy (it 1) =b

X3 2,1 (t,i+1)= bql,lx“(t, 0+ bql_l’lx12 (t,D)+...+ bm)cl’n1+l (t,i)+ X3 0, (t,0)

Xy o, G+ 1) =b, 0, (8,0)+b, X, (8,0) +...+ Doy X, , 4 (2,1)

y(t,iy=b, , x,(t,0)+b, |, x,(t,0)+..+ by, X, (61 +x,, (1,0) (14)
Defining vectors
x,, (2,0) X, (t,1)
x,(t,0) = : s X (0=
X +1 (t,1) X320, (1,1) (15)

equations (14) we may write in the form

{El 0}{ X, (t,0) } {A,, Alz}{xl(z,i)} {BI} ,
. = ], @D
0 E, || x(ti+]) A, A, ||l x(ti)] | B,

v =[c, cz][xl(t’i)}

Xz(l,i) (16)
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[
where
0 0
El{o 1 }ERM T By =1,
(0 0 .. 0 0]
-1 0 .. 0
10 .. 00 0 0 0
A” =01 .. 00 ER("1+1)><("|+1)’ A]2: ) ) ] ER(nl+l)><2n2’
o 0 0 ..0
00 .. 10
A
AZ] — 21 i|e R2nz><(n]+l) A2|| [0] R(rfl)x(np#l)
212
I 0 1 an]—l,nz a(),nz i
O 0 anl =l anl —ln,—1 b a0,172—1
A,le = 0 0 an]’o anl_w dy, |€ R(2q273rz+])x('1'+l),
b"l*’lqu 1 b"ls‘lz 1 b”l’l"h’l b”l’z"h’] bo"lz
L bn,+r,,0 b n,0 bq]—l,O bq,—2,0 bOO i
0 71,, 0 0
0 O O 0 2n,X2n;
A, = e R™™™,
0 0 01,
0O 0 0 O
0 e+ 2n, [ ] bt 1) X2,
B,=|.|eRrR", B,=[0le R". C,=lp,, .. b,leR c,=[c, C,le R,
0

C, =[ole R*, c,=[1l 0 .. 0]e R™ (17)

Therefore, the following theorem has been proved.

Theorem 2. There exists a positive realization of the improper transfer function (11) if all coefficients of its numerator
and denominator are nonnegative.

Remark. A characteristic feature of singular positive 2D hybrid model is that some entries of the matrix A,, are negative.
If the assumptions of Theorem 2 are satisfied then a positive realization can be found by the use of the following
procedure.

Procedure.

Step 1. Write the transfer function 7(s, z) in the form (12) and the equations (13),
Step 2. Using (13) draw the state variable diagram shown in Fig. 2,

Step 3. Choose the state variables and write equations (14),

Step 4. Using (14) find the desired realization (17) of the transfer function (11).

4. The example
There is given improper transfer function

2 4+27° +3s5z+45+52+6
T(s.0)= % 28 +3sztds+5 (18)
sz+7s+8z+9

find its positive realization (17). In thiscase , = ¢, —n, =0 and r, =g, —n, =1.

Using the procedure we obtain the following:
Step 1. Multiplying the numerator and denominator of transfer function (18) by s 'z~ we obtain
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[
14257 +377" +477 +557'77 +657'27 Y 5. Concluding remarks
T(S9 Z) = 1 ) 1 4 1 2 = . oy . .
4+ 7772 +8s 727 49577 U A method for computation of a positive realization of
(19) a given improper transfer function of 2D hybrid linear
and system has been proposed. Sufficient conditions for the
o o o IR I existence of a positive realization of a given improper
U-(z"+727+8s 2 +9s 2 )E=0 transfer function have been established. A procedure for
Y=(1+2s"+3z"+4z7+5s7'z" +6s'z)E  (20) computation of a positive realization has been proposed,
and illustrated by numerical example. An open problem is
Step 2. In this case state variable diagram has the formulation of the necessary and sufficient conditions
form shown in Fig. 3 for the existence of solution of the positive realization
= problem for 2D hybrid systems in the general case. Exten-
i "?ﬂlg 'D sions of those considerations for 2D hybrid systems des-
; g cribed by models with structures similar to the 2D general
i 2 model or the 2D second Fornasini-Marchesini model [9,
; QD6 14] are also open problems.
24
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