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Abstract:

A new class of fractional linear continuous-time linear
systems described by the state equation is introduced.
The solution to the state equations is derived using the
Laplace transform. Necessary and sufficient conditions are
established for the internal and external positivity of the
fractional systems. Sufficient conditions are given for the
reachability of the fractional positive systems.
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1. Introduction

In positive systems inputs, state variables and out-
puts take only non-negative values. Examples of positive
systems are industrial processes involving chemical
reactors, heat exchangers and distillation columns, sto-
rage systems, compartmental systems, water and atmo-
spheric pollution models. A variety of models having
positive linear systems behaviour can be found in engi-
neering, management science, economics, social scien-
ces, biology and medicine, etc.

Positive linear systems are defined on cones and not
on linear spaces. Therefore, the theory of positive sys-
tems is more complicated and less advanced. An overview
of state of the art in positive systems is given in the
monographs [2, 5]. An extension of positive systems are
the cone systems [6, 9].

The notion of cone systems was introduced in [6].
Roughly speaking cone system is a system obtained from
positive one by substitution of the positive orthants of
states, inputs and outputs by suitable arbitrary cones.
The realization problem for cone systems has been
addressedin [6, 9].

The first definition of the fractional derivative was
introduced by Liouville and Riemann at the end of the
19" century [12, 10, 20]. This idea has been used by
engineers for modelling different process in the late
1960s [28-30]. Mathematical fundamentals of fractional
calculus are given in the monographs [10, 12, 20, 13,
19]. The fractional order controllers have been developed
in [18, 22]. A generalization of the Kalman filter for
fractional order systems has been proposed in [26]. Some
others applications of fractional order systems can be
found in [1, 15-17, 3, 11, 23, 24, 27, 28, 25]. In [14]
a method for computation of the impulse responses from
the frequency responses for the fractional standard (non-
positive) discrete-time linear systems has been given.
Fractional polynomials and nD systems have been inves-
tigated in [4].

In this paper a new class of fractional positive conti-
nuous-time systems described by the state equations will
be introduced and the necessary and sufficient condi-
tions for the internal and external positivity will be
established.

The paper is organized as follows. In section 2 using
the Caputo definition and Laplace transform the solution
to the state equations of the fractional systems is deri-
ved. The necessary and sufficient conditions for the
internal and external positivity of the fractional systems
are established in section 3. In section 4 the reachability
of the positive fractional systems is investigated. Conclu-
ding remarks are given in section 5.

To the best knowledge of the author the positive frac-
tional continuous-time linear systems have not been
considered yet.

The following notation will be used in the paper.

The set of nx m real matrices will be denoted R and
R" =R The set of m x n real matrices with nonnega-
tive entries will be denoted by R”*" and R” =R
A matrix A with nonnegative entries will be also denoted
byA > 0. The set of nonnegative integers will be denoted
by Z, andthe nxn identity matrixby 7,,.

2. Continuous-time fractional linear systems
and their solutions
In this paper the following Caputo definition of the
fractional derivative will be used [10, 20]

e d® 1 e
PIO= 0 O s J(l—r)““"”

n—-l<a<neN={2,.}

B

(1)

where o € R is the order of fractional derivative and
f(n)(T): d f(T) .
dr”

Consider the continuous-time fractional linear system
described by the state equations

D%x(t) = Ax(t)+ Bu(t), 0<a <1 (2a)

y(t) = Cx(¢) + Du(?) (2b)
where x(1) e RY, u(t) e R, y(t) € R’ are the state,
input and output vectors and 4 € RV, BeR"",
CeR”™, DeR"™.

Theorem 1. The solution of equation (2a) is given by

X(1) =@, (H)x, + }@(r —7)Bu(r)dr, x(0)=x, (3)
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where
@)= E, (1) = > 2 “
o gk gtk
PO e ?

and E,(At") is the Mittage-Leffler matrix function,

©

(x)= je”t“dt is the gamma function.

Proof. Using the Laplace transform (L) to (2a) and
taking into account that

LID“x(£)] = s“ X (s) — s 'x,

X(s) = L{x(0)] = wjx(z)e-”dz ©
we obtain 0
X(s)=[1,s“ — A" (s"'x, + BU(s)) (7)

where U(s) = L[u(1)].
Itis easy to check that

[]Nsa _A]fl — ZAksf(/H—l)a (8)
k=0
since
[1,s" - A](Z A"s“*”“j =1,. (9)
k=0
Substitution of (8) into (7) yields
X(s)=) A's " Dx 4> A" BU(s)  (10)
k=0 k=0

Using the inverse Laplace transformation (£™') to (10)
and the convolution theorem we obtain

x(t) = L[ X(s5)] = iAkL’l[s’(k“”)]xo +
+3 45 L[5 0 B ()] = (11)

=®,()x, + j ®(t —7)Bu(r)dr
0
where

) 0 Aktka
D (t) — Akﬁ*l [Sf(kaﬂ)]
’ kz(; ;F(ka +1)

o) = [ {[1,s“ - A]—l} _ Z.O:Akﬁ—l [S—(k+l)a] _

Ak rDa-t

; I[(k + D] u

Note that the solution (3) of (2a) for Bu(z)=0
and x,#0 is the same as in [28] but the second term of
(3) is different.

Remark 1. From (4) and (5) for & =1 we have

©,() =20 = i:r(([/itil)_ e’
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Remark 2. From the classical Cayley-Hamilton theo-
rem we have

If
(12)
det[,s* —Al=(s“)" +a, ,(s)" " +..+as” +a,
then
A" +a, A+ +ad+a,l=0 (13)

Example 1. Find the solution of equation (2a) for
O<a<1and
(14)

Ao 01 B 0 3 1 0 =1(1) = 1 forz>0
ool T Tl T T N oforr <0

Using (4) and (5) we obtain

© Akfka Ata
q>0(t)_k§m_12+ asD (15a)
a-1 lZa—]
o) =1,—— @) +A %) (15b)

since

o 17" [o o
A" = = for k=23,...
0 0] |00

Substitution of (15) and u(#) =1 into(3) yields

(1) =, (1)x, +;[cb(t D) Bu(r)dr = x, + F/(lz(’i al)

! a-1 AB 2a-1 _
I(l“()( -7) F(2a) t—1) +]a'z'— (16)

B ta t2a ]
+ +
T+ TI'Qa+l)

_ B ABr*
F(a+1l) TQRa+l)

t(l
T(c +1)

1+

since['(a +1) = al(@).

3. Positivity of continuous-time fractional
systems
Definition 1. The fractional system (2) is called the
internally positive fractional system if and only if
x(?) € R and y(¢) € R for t > 0 for any initial condi-
tions x, € R and allinputs u(¢) e R”, £ >0.

A square real matrix 4 =[a, ] is called the Metzler ma-
trix if its off-diagonal entries are nonnegative, i.e a; >0
fori= j[1,5].

Lemma1.let A€ RV and 0 <a <1.Then

© Aktka N
) (t)zz e RN for >0 (17)
=0

(1) = ;F[(k+l)a] RIY for 120 (18)
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ifand only if A is a Metzler matrix.

Proof. Necessity. From the expansion

O,0)=1,+ A +
C(a+1)
(a-1) tZzz—l
D=1, +4 +
F( ) I'2a)

it follows that @, (r) € RY"and @ () € R for small
t > 0 only if A is a Metzler matrix.

Sufficiency.
Itis well-known [5] that
T eRMY for 120 (19)

if and only if A is a Metzler matrix.
Using (17) we may write

- © (Atrz)k (Atrz)k B
o) z(r(kaﬂ) k! J_

=0
(20)
>0 for t>0

z k\-T(ka +1) (adt®)*
= Tka+1) k!
since k!> T'(ka+1) for 0 < <1. )
Thus from (20) and (19) we have @ () > e™" >0.
The proof for (18) is similar.
|
Theorem 2. The continuous-time fractional system (2)
is internally positive if and only if the matrix A is a Metz-
ler matrix and
BeRYM  CeR™, DeR™ (21)
Proof. Sufficiency. By Theorem 1 the solution of the
equation (2a) has the form (3) and x(¢) € RY, >0 if (18)
holds and A is a Metzler matrix since ®,(7) e R,
x, € R” and u(t) e R for 12 0.

Necessity. Let u(t)=0,1>0 and x, =e, (theith
column of the identity matrix 7, ). The trajectory of the
system does not leave the orthant RY only if
x“(0)= Ae, 20 what implies a; 20 for i# j.The
matrix A has to be a Metzler matnx For the same reason,
for x, =0 wehave x“(0)=Bu(0)=0 what implies
B e R since u(0) € R” may be arbitrary. From (2b)
foru(f) = 0 we havey(0) = Cx, 2 0and y(0) = Cx, 20
and C € R”", since x, € R may be arbitrary. In a simi-
lar way, assuming x, =0 we obtain y(0) = Du(0)>0
and D € R”™ since u(0) € R” may be arbitrary.

|

Definition 2. The fractional system (2) is called exter-
nally positive if and only if y(¢) € R?, ¢ > 0 for every in-
put u(#) e 7,220 and x, =0.

The impulse response g(¢) of single-input single-out-
put system is called its output for the input equal to the
Dirac impulse o(#) with zero initial conditions. Assuming
successively that only one input is equal to 6(¢) and the
remaining inputs and initial conditions are zero we may

define the impulse response matrix g(z) € R”" of the
system (2).
The impulse response matrix of the system (2) is given by

g(t)=CO(t)B+ Do(t) for t>0 (22)
Substitution of (3) into (2b) for x, = 0 yields

y(t) = ]Cd)(t —7)Bu(r)dr + Du(t), t>0 (23)
The?‘ormula (22) follows from (23) for u(z) = o(¢).

Theorem 3. The continuous-time fractional system (2)
is externally positive if and only if its impulse response
matrix (22) is nonnegative, i.e.
gt)e R for t20 (24)

Proof. The necessity of the condition (24) follows
immediately from Definition 2. The output y(¢) of the

system (2) with zero initial conditions for any input u(7)
is given by the formula

y(0) = [gt—ou(z)dz (25)

which can be obtained by substitution of (22) into (23).
If the condition (24) is metand u(¢) € R then from
(25) we have y(¢) e R” for 12 0.
|
From (22) and (18) it follows that if A is a Metzler
matrix and (21) holds then the impulse response matrix
(22) is nonnegative. Therefore, we have the following two
corollaries.

Corollary 1. The impulse response matrix (22) of the
internally positive system (2) is nonnegative.

Corollary 2. Every continuous-time fractional inter-
nally positive system (2) is also externally positive.

4. Reachability

Definition 3. The state x , € R of the fractional sys-
tem (2) is called reachable in time 7, if there exist an in-
put u() e R7, t €[0, ¢, ] which steers the state of sys-
tem (2) from zero 1mt1al state x, =0 to the state x,.
Ifeverystat x, € RY isreachablein time t, the system
is called reachable in time 7. If for every state X € RY
there exist a time such that the stateisreachable in time
1, then the system (2) is called reachable.

A real square matrix is called monomial if and only if
each its row and column contains only one positive entry

and the remaining entries are zero.

Theorem 4. The continuous-time fractional system
(2) is reachablein time 7, if the matrix

R(t,)= jcp(r)BBTcDT(r)dr (26)
0
is a monomial matrix.

The input which steers the state of the system (2)
fromx, =0 to x, is given by the formula
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u(t)=B"®" (1, -)R'(t,)x, (27)
where T denotes the transpose.

Proof. If the matrix (26) is a monomial matrix then
R7'(t,) € R and the input defined by (27) is an non-
negative vector, i.e. u(t) e R}, t=0. Using (3) for
x,=0, t=1,,(27)and (26) we obtain

(e = [0~ BB (0, 0k ), =

= [@(0)BB " (1)deR ™ (2,)x, = x,
0

Therefore, the input (27) steers the state of the sys-
tem (2) from x, =0 to x . |

Theorem 5. If A =diag[a,, a,,...,a,]eR"" and
B eR™ is a monomial matrix then the continuous-
time fractional system (2) is reachable.

Proof. From (5) it follows that if the matrix 4 is
diagonal then the matrix @(¢) is also diagonal and the
matrix is @(#) B monomial since the matrix B by assump-
tion is monomial. From (26) written in the form

R(t,)= ]@(T)B[cb(r)B]Tdr (28)

it follows that the matrix (28) is monomial. Thus by The-
orem 3 the fractional system is reachable.
|
Example 2. We shall show that the fractional system
(2) with

{1 o} {0 1}
A= , B= (29)
0 0 10

isreachable.
Taking into account that

(1ol 1o
A" = = for k=1,2,...
0 0] |00

and using (5) we obtain

a( =y A —[(D'(t) ’ } (30)

ST((k+Da]l | 0 @,0)
where
(D 0 Z‘(k+1)u:—l (D ta—]
O=25ma @ T
and
0 O,
() B:LD ) 0(t)}

In this case from (28) we have
(31)

R(t,) = ]@(T)B[(D(r)B]Tdr - /j{q}lo(f) (Dzo(f)}dr

The matrix (31) is monomial and by Theorem 3 the
fractional system is reachable.

Regular papers

Remark 3. It is well-known that the system

X = Ax + Bu (32)
with
0 0 a, | 1]
0 0 aq 0
A=]0 0 a, |, B=|0 (33)
0
0 1 oay, 0]

is reachable for any values of the coefficients a,,i=0,],
..., N —1 since the reachability matrix

[B, AB,..,A""'B] =1, (34)

The system (32) is also reachable as a positive system
ifa, 20,i=0,,..., N —1. The fractional system (2) with
(33)evenfor a, =0,i=0,1,..., N —11is reachable if and
only if there exist u(7) > 0,7 €[0,7,] such that the fol-
lowing condition is met

_ ¢, _ gy -
I'lx)

iy (tf - T)za_l

X, = I I Qa) u(r)dr (35)

The condition (35) follows from (3) for x, =0, (34)
andthatfora, =0,i=0,1,..,N—1,4" =0 for k=N,
N +1,... and

Nl gk gkehant
D(r) = _
“ kz;‘ I(k + D]

This example shows that the reachability conditions
for the positive system (2) are much stronger than the
conditions for positive system (32).

5. Concluding remarks

A new class of fractional positive continuous-time
systems has been introduced. The solution to the state
equation describing the fractional systems has been
derived using the Laplace transform (Theorem 1). The
classical Cayley-Hamilton theorem has been extended for
the fractional systems (Remark 2). Necessary and suffi-
cient conditions have been established for the internal
and external positivity of the fractional systems (Theo-
rem 2 and 3). Sufficient conditions for the fractional
positive systems are much stronger than for classical
positive systems. The considerations have been illustra-
ted by examples of fractional continuous-time linear
systems.

The considerations presented for the reachability can
be extended for controllability of the fractional conti-
nuous-time systems.
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