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Abstract:
A new concept of the multicriteria fuzzy trading system
using the technical analysis is proposed. The existing tra‐
ding systems use different indicators of the technical ana‐
lysis and generate buy or sell signal only when assumed
conditions for a given indicator are satisfied. The informa‐
tion presented to the trader – decision maker is binary.
The decision maker obtains a signal or no. In compari‐
son to the existing traditional systems called as crisp, the
proposed system treats all considered indicators jointly
using the multicriteria approach and the binary informa‐
tion is extended with the use of the fuzzy approach. Cur‐
rency pairs are considered as variants in the multicriteria
space in which criteria refer to different technical indica‐
tors. The introduced domination relation allows genera‐
ting the most efficient, non‐dominated (Pareto optimal)
variants in the space. An algorithm generated these non‐
dominated variants is proposed. It is implemented in a
computer‐based system assuring the sovereignty of the
decision maker.

We compare the proposed systemwith the traditional
crisp trading system. It is made experimentally on diffe‐
rent sets of real‐world data for three different types of
trading: short‐term, medium and long‐term trading. The
achieved results show the computational efficiency of the
proposed system. The proposed approach is more robust
and flexible than the traditional crisp approach. The set
of variants derived for the decision maker in the case of
the proposed approach includes only non‐dominated va‐
riants, what is not possible in the case of the traditional
crisp approach. The reservation point and its impact on
the overall results are measured with the use of the sen‐
sitivity analysis.

Keywords: Trading system, Forex, fuzzy membership
function, multicriteria analysis

1. Introduction
In this paper, we propose an extension of the tra‑

ditional trading systems based on the technical ana‑
lysis using the concept of fuzziness. This concept can
be implemented in a decision support system aiding
the trader in making his decisions. As a �ield for expe‑
riments, we selected the Forex market, which is a glo‑
bal, decentralizedmarket with currency pairs as basic
instruments. According to the Bank for International
Settlements, its average daily turnover reached $5.3
trillion in January 2014 [28]. Unlike othermarkets, the
Forex is completely decentralized and housed electro‑
nically. It is considered one of the largest markets in

the world, where about 90% of its turnover is genera‑
ted by currency speculators. Still growing number of
instruments available for the trader – decision maker
in the last few yearsmakes it very dif�icult tomanually
manage even the single transaction.

Three main approaches of �inancial data analysis
are used to forecast prices on the Forex market: the
technical analysis, the fundamental analysis, and the
sentiment analysis. The fundamental analysis inclu‑
ding the text‑mining techniques was adapted to the
stockmarket in [20], [34], aswell as for the Forexmar‑
ket in [32]. The sentiment analysis called also the opi‑
nion mining was presented in [10]. The technical ana‑
lysis is based on the assumption, that there it is pos‑
sible to predict future prices on the basis of the histo‑
rical prices, in other words, that past behavior of the
price has an effect on the future prices. The process
of construction of such indicator can be considered as
a dimension reduction [38]. In such an approach, the
initial data is transformed to another domain which
may be simpler than the original data. Such action le‑
ads to a situation, where price and technical indica‑
tor values become an independent example of the pro‑
blem.

One of the main directions of development of the
trading systems based on the technical analysis con‑
sists in using various indicators which are mostly
some complex formulas used for historical data to ex‑
tract hidden information from price time series or
to reduce some irrelevant noise. Such an approach is
used to identify moments to open the positions on the
market. The technical analysis is themost popular tool
used in the trading. Moreover, its importance is incre‑
asing over years [17].

By the trading system, we understand any system
(manual or automatic),whichwith the use of data ana‑
lyzed from the market calculates values of the market
indicators. Such values are further used to generate
a signal and open the position related to the selected
currency pair. �owever, there exists a signi�icant dra‑
wback, where all selected indicatorsmust give the sig‑
nal at the same time, thus increasing the number of
market indicators leads to more seldom signals. What
is obvious, even in the case, where all necessary con‑
ditions all ful�illed, there is no guarantee, that derived
signal will be pro�itable.

Newer works like [4] suggest, that especially very
volatilemarkets like Forexmaybe very dif�icult to ana‑
lyze. That leads to various works which limit the ap‑
plication of the fully automatic concept of trading sy‑
stems for the decision support. There are also ma‑
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nual trading systems which generate signals for ope‑
ning and closing positions on the market, where the
�inal decision is made by the decision maker. One of
the most signi�icant advantages of such manual tra‑
ding systems is that the decision maker may additio‑
nally apply other types of analysis on the market situ‑
ations. Examples of such systems can be found in [13],
[18], [8]. Thus one of the most important advantages
of such systems is that they assure sovereignty of the
decision maker.

The paper discusses decision support problems in
the case of the manual trading systems. A typical sy‑
stem analyses data from the market, calculate techni‑
cal indicators, generates buy or sell signals when a gi‑
ven set of rules is satis�ied for a given indicator. The
decision maker observing the signals can make the
�inal decision. Still growing number of instruments
available for the decision makers results in a dyna‑
mic growth of the decision space. Therefore a new ap‑
proach capable to handle such dif�iculties is required.
In this article, we investigate problems arising in the
case of the traditional crisp trading systems, where
the decision is made on the basis of a simple binary
function. The �irst limitation of such systems is en‑
countered, where all initially de�ined rules should re‑
turn the ”true” value to open the position at the same
time. By increasing the number of rules included in the
system results in a reduction of the number of possi‑
bilities for the decision maker and often none of the
variants are considered as a promising. The traditio‑
nal systemdisregard situationswhenall the indicators
are very close to satisfying the assumed rules. Such si‑
tuations can be in general much more promising than
in the case of the signalwhen the rules are satis�ied for
only one indicator.

To cover this gap we propose to apply a multicri‑
teria fuzzy approach. In this approach, all considered
indicators are considered jointly. Each indicator is re‑
presented by a criterion in a multicriteria space of
variants. The traditional strict rules are replaced by
fuzzy rules. Values of the criteria are calculated by in‑
troduced membership functions. The decision maker
can control the introduced fuzziness using concepts
of aspiration and reservation points adopted from the
reference point approach of the multicriteria analy‑
sis (see [42]). Analgorithmgeneratingnon‑dominated
variants in the criteria space is proposed. Concepts of
the domination cons applied in the algorithm ensure
the high computational ef�iciency of the algorithm ap‑
proved in experiments made on real data from the Fo‑
rex market.

We introduce the risk pro�ile of the decision ma‑
ker in the form of a single point in the criteria space. It
seems to be consistent with the regulations imposed
by the European Union according to the directive Mi‑
FID II [1]. This law forces every entity present on the
market to estimate the so‑called risk pro�ile of the sin‑
gle decisionmaker. The risk pro�ile is built on the basis
of a questionnaire, which is further used to estimate
the risk aversion of the decision maker. In our work,
we propose to use the so‑called reservation point re‑

presenting the minimal acceptable risk taken by the
decision maker during the trading session.

We present the proposed multicriteria approach
for 𝑛𝑛 technical indicators. The introduced fuzzy con‑
cepts are shown on the example of three indicators:
the moving averages (MA), Relative Strength Index
(RSI) and Commodity Channel Index (CCI). For the
three indicators, the results of computation experi‑
ments on real data from the Forex market are pre‑
sented and analyzed. Examples of the technical indi‑
cators are presented in Section 2. Section 3 introduces
the concept of the traditional (crisp) trading system.
Section 4 includes a detailed description of the propo‑
sed fuzzy approach along with de�initions of all fuzzy
membership functions included in the system. The al‑
gorithm which generates the non‑dominated variants
for the decision maker is proposed. Section 5 contains
the results of various experiments with different real‑
world data sets. The discussion presented along with
experiments results points out the weakness of exis‑
ting crisp systems and emphasizes the advantages of
the proposed fuzzy system.

2. Related Works
The existing trading system can be divided into

two main groups. The �irst group includes systems
related to the High Frequency Trading (HFT), where
strategies aremostly based on the complex algorithms
capable to effectively analyze multiple markets. One
of their main features is a very short transaction time
which leads to small pro�its. Duration of the single
transaction rarely exceeds a few seconds. Despite the
ef�iciency of such systems, their applicability for sin‑
gle decision makers is debatable. Issues related to the
mentioned HFT are focused on examining factors like
market liquidity and its impact on the system ef�i‑
ciency [23], [21]. There are also articlesmeasuring the
impact of the unexpected events on the pro�its gene‑
rated by the transaction system. Despite the fact of
general high interest in the HFT, there are authors
[35]pointedout, that possible outcomesofferedby the
HFT approach are decreasing.

At the same time, the groupof trading systemsdea‑
lingwith the LowFrequencyTrading (LFT) gainsmore
attention. Opposite to the HFT approach, in the LFT
concept, reaction time pays less important role and
duration of the single transactionmay last longer than
in case of HFT approach. In the following, we discuss
the traiding systems applying the LFT approach.

We propose to use in the trading systems the ideas
of fuzzy sets theory as were originally introduced by
[44]. There are multiple publications related to the
use of fuzzy concepts with stock data (rarely with Fo‑
rex data) such as [39, 19, 40]. In this article, the fuzzy
sets view is combined with the multicriteria analysis.
One of the crucial concepts in the analysis relates to
so‑called aspiration levels introduced by Wierzbicki
in [41], who provided a mathematical background for
satisfying the decision making. In the papers [11, 33]
and in thenewerone [2] ideas ofmulticriteria decision
making in the case of fuzzy sets are developed.
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Systems based on new trading rules generated on
the basis of existing technical analysis indicators often
rely on approximate mechanisms such as metaheu‑
ristics. Examples of such papers include genetic pro‑
gramming [26], grammar evolution [9], and evolutio‑
nary algorithms [6]. Such approaches are based on the
concept of setting optimal values of the technical indi‑
cators. More recent papers in this �ield rely on the con‑
cept of evolutionary multicriteria algorithms [7] and
particle swarm optimization [5]. Approximate appro‑
aches in this �ield are presented in [31] and [30].

It is worth noting new combined technical analysis
indicators used for decision support, however, there
is only a small group of articles in this �ield. An exam‑
ple of such work may be found in [16], in which a new
indicator correlated with the risk factor was presen‑
ted. An extension of this concept based on the mathe‑
matical evidence of trends in �inancial data was pre‑
sented in [15]. Another example is a newmovingmin‑
max indicator described in [36]. This indicator was
usedas a chart smoothing tool allowing to ignore small
price corrections. It is worth noting that there are very
fewapproaches inwhich decision support systems are
preferred over automated trading. In most of the ap‑
proaches, the complete trading system is treated like
a black box, where the set of input data is transformed
into the output data signal; however, in article [25] the
authors proposed an approach in which it is possible
to set parameters representing the risk aversion.

The rule‑based trading systems are not the unique
class of systems used on the Forex market. There are
also trading systems based on neural networks. Publi‑
cations related to this subject emergedalready in1995
when a neural network was used to generate a preli‑
minary signal [12]. To the best of the authors’ know‑
ledge, using the neural networks on the market was
described in [29] as in one of the �irst articles dedica‑
ted to this area. Newer approaches include the use of
neural networks for data prediction [43] or applying
technical indicators as neural network entry points
[37]. A self‑organizing map is used as a mechanism
of detecting correlations between Japanese candles‑
ticks. A similar concept was proposed in [14], where
the k‑means algorithm was used to detect some Japa‑
nese candlestick patterns. The authors of [27] propo‑
sed to use different volatility measures as an input for
the support vector machines. The ARIMA model was
compared with the arti�icial neural network for the
prediction on the Forex market in [24]. More complex
systems involving the use of modern metaheuristics
like Cuckoo Search Algorithm [3] or heuristic‑based
trading systems combining different trading rules [31]
were also proposed.

3. Background
�e de�ine a trading system as a pair:

𝑇𝑇𝑠𝑠 = {𝐶𝐶𝐶 𝐶𝐶𝑇𝑇𝐶𝐶 (1)

where𝐶𝐶 is the set including the single, ormultiple cur‑
rency pairs analyzed by the trading system, while 𝐶𝐶𝑇𝑇

includes all rules generated on the basis of market in‑
dicators used in the trading system. In its trivial form,
𝐶𝐶𝑇𝑇 may include one up to many different rules, while
more complex approach involves using subsets of 𝐶𝐶𝑇𝑇,
where each subset relates to 𝐶𝐶. Thus different sets of
rules are applied at the same time to the same set of
currency pairs.

Below we introduce a simple division of the tra‑
ding systems. The division is made on the basis of
number of currency pairs and transaction concepts in‑
volved in the decision process:
‑ one currency pair – one set of rules – the simplest
concept used on the Forex market. In this approach,
there is only one set of rules used with the single
currency pair. Often some additional elements cor‑
related directly with the currency pair characteris‑
tics are used in such a system.

‑ one currency pair – n sets of rules – a signal may be
generated on a basis of a few different sets of rules.
Thismechanism is used for example in the social tra‑
ding,where there is a possibility to copy orders from
different transaction systems.

‑ n currency pairs – one set of rules – this holds the
assumption, that the same set of rules is capable to
give proper signals to more than one currency pair.
In such a situation, the system is active for any con‑
sidered set of currency pairs.

‑ n currency pairs andm sets of rules – themost com‑
plexmechanismwhich involves parallel using of dif‑
ferent sets of rules. Even in the case of short‑term
trading it may lead to the concept of portfolio buil‑
ding, where elements of such portfolio are currency
pairs.

3.1. Decision Process on the Forex Market
�e de�ine three independent phases, where each

phase has a crucial impact on the trading process ef‑
fectiveness. There are different issues referring to the
effectiveness. They include not only pro�it maximiza‑
tion but alsominimizing themaximumdrawdown, du‑
ration of the open position, risk diversi�ication and the
time which is devoted to the currency pair analysis.
The general schema of opening and managing the po‑
sition on the Forex market is presented in �ig. 1.

In this �igure we present three different phases re‑
ferring to the process of making the decision on the
market. Each phase includes differentmechanisms ca‑
pable to effectively manage the position. Below we in‑
troduce and shortly describe each of the three phases:
‑ opening position – a crucial phase which includes
concepts related with opening the single or multi‑
ple positions. At this phase, there is a need to con‑
sider a set of conditions, which must be ful�illed to
open the position andmove to the next phase. In the
most cases, such conditions include the constant set
of crisp rules related with different market indica‑
tors. Ful�illment of these rules leads to generating
the signals. Depending on the type of trading system,
this phase ends with opening a set of positions (in
the case of the automatic trading system)or deriving

52



53

Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME  14,      N°  2       2020

Articles 53

Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 14, N° 2 2020

Systems based on new trading rules generated on
the basis of existing technical analysis indicators often
rely on approximate mechanisms such as metaheu‑
ristics. Examples of such papers include genetic pro‑
gramming [26], grammar evolution [9], and evolutio‑
nary algorithms [6]. Such approaches are based on the
concept of setting optimal values of the technical indi‑
cators. More recent papers in this �ield rely on the con‑
cept of evolutionary multicriteria algorithms [7] and
particle swarm optimization [5]. Approximate appro‑
aches in this �ield are presented in [31] and [30].

It is worth noting new combined technical analysis
indicators used for decision support, however, there
is only a small group of articles in this �ield. An exam‑
ple of such work may be found in [16], in which a new
indicator correlated with the risk factor was presen‑
ted. An extension of this concept based on the mathe‑
matical evidence of trends in �inancial data was pre‑
sented in [15]. Another example is a newmovingmin‑
max indicator described in [36]. This indicator was
usedas a chart smoothing tool allowing to ignore small
price corrections. It is worth noting that there are very
fewapproaches inwhich decision support systems are
preferred over automated trading. In most of the ap‑
proaches, the complete trading system is treated like
a black box, where the set of input data is transformed
into the output data signal; however, in article [25] the
authors proposed an approach in which it is possible
to set parameters representing the risk aversion.

The rule‑based trading systems are not the unique
class of systems used on the Forex market. There are
also trading systems based on neural networks. Publi‑
cations related to this subject emergedalready in1995
when a neural network was used to generate a preli‑
minary signal [12]. To the best of the authors’ know‑
ledge, using the neural networks on the market was
described in [29] as in one of the �irst articles dedica‑
ted to this area. Newer approaches include the use of
neural networks for data prediction [43] or applying
technical indicators as neural network entry points
[37]. A self‑organizing map is used as a mechanism
of detecting correlations between Japanese candles‑
ticks. A similar concept was proposed in [14], where
the k‑means algorithm was used to detect some Japa‑
nese candlestick patterns. The authors of [27] propo‑
sed to use different volatility measures as an input for
the support vector machines. The ARIMA model was
compared with the arti�icial neural network for the
prediction on the Forex market in [24]. More complex
systems involving the use of modern metaheuristics
like Cuckoo Search Algorithm [3] or heuristic‑based
trading systems combining different trading rules [31]
were also proposed.

3. Background
�e de�ine a trading system as a pair:

𝑇𝑇𝑠𝑠 = {𝐶𝐶𝐶 𝐶𝐶𝑇𝑇𝐶𝐶 (1)

where𝐶𝐶 is the set including the single, ormultiple cur‑
rency pairs analyzed by the trading system, while 𝐶𝐶𝑇𝑇

includes all rules generated on the basis of market in‑
dicators used in the trading system. In its trivial form,
𝐶𝐶𝑇𝑇 may include one up to many different rules, while
more complex approach involves using subsets of 𝐶𝐶𝑇𝑇,
where each subset relates to 𝐶𝐶. Thus different sets of
rules are applied at the same time to the same set of
currency pairs.

Below we introduce a simple division of the tra‑
ding systems. The division is made on the basis of
number of currency pairs and transaction concepts in‑
volved in the decision process:
‑ one currency pair – one set of rules – the simplest
concept used on the Forex market. In this approach,
there is only one set of rules used with the single
currency pair. Often some additional elements cor‑
related directly with the currency pair characteris‑
tics are used in such a system.

‑ one currency pair – n sets of rules – a signal may be
generated on a basis of a few different sets of rules.
Thismechanism is used for example in the social tra‑
ding,where there is a possibility to copy orders from
different transaction systems.

‑ n currency pairs – one set of rules – this holds the
assumption, that the same set of rules is capable to
give proper signals to more than one currency pair.
In such a situation, the system is active for any con‑
sidered set of currency pairs.

‑ n currency pairs andm sets of rules – themost com‑
plexmechanismwhich involves parallel using of dif‑
ferent sets of rules. Even in the case of short‑term
trading it may lead to the concept of portfolio buil‑
ding, where elements of such portfolio are currency
pairs.

3.1. Decision Process on the Forex Market
�e de�ine three independent phases, where each

phase has a crucial impact on the trading process ef‑
fectiveness. There are different issues referring to the
effectiveness. They include not only pro�it maximiza‑
tion but alsominimizing themaximumdrawdown, du‑
ration of the open position, risk diversi�ication and the
time which is devoted to the currency pair analysis.
The general schema of opening and managing the po‑
sition on the Forex market is presented in �ig. 1.

In this �igure we present three different phases re‑
ferring to the process of making the decision on the
market. Each phase includes differentmechanisms ca‑
pable to effectively manage the position. Below we in‑
troduce and shortly describe each of the three phases:
‑ opening position – a crucial phase which includes
concepts related with opening the single or multi‑
ple positions. At this phase, there is a need to con‑
sider a set of conditions, which must be ful�illed to
open the position andmove to the next phase. In the
most cases, such conditions include the constant set
of crisp rules related with different market indica‑
tors. Ful�illment of these rules leads to generating
the signals. Depending on the type of trading system,
this phase ends with opening a set of positions (in
the case of the automatic trading system)or deriving

52

Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 14, N° 2 2020

Fig. 1.Managing position phases

the set of signals to the decision maker (in the deci‑
sion support trading system).

‑ managing the position phase – the phase focused on
managing all opened positions,which, depending on
the risk pro�ile of the decision maker may include
realizing small pro�its, opening additional positions,
ad�usting the taking pro�it or cutting loses levels and
more.

‑ closing the position phase – in the trivial case, this
phasemay correspond to closing the position by hit‑
ting some price levels de�ined in the previous phase.
Other possibilities may include closing the position
on the basis of differentmarket indicator, closing the
position as the effect of opening an opposite posi‑
tion, or applying more complex rules related to the
concept of portfolio management.
We purport, that crucial phase, which has the gre‑

atest impact on the effectiveness of the trading system
is the �irst phase, inwhich themost preferred currency
pair is selected from the set of all possible variants.
Thus the �irst phase will be our main interest in this
article.

4. Examples of Technical Indicators
In the following three equally important market

indicators frequently used in the transaction systems
are presented: the moving average and two oscilla‑
tors. The proposed approach can, however, include
any number of indicators.

The moving average equation is given as follows:

𝑀𝑀𝑀𝑀𝑝𝑝(𝑡𝑡𝑡 𝑡
∑𝑝𝑝
𝑖𝑖𝑖𝑖 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖

𝑝𝑝 , (2)

where 𝑀𝑀𝑀𝑀𝑝𝑝(𝑡𝑡𝑡 is the value of the moving average for
period 𝑝𝑝 in time 𝑡𝑡, 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 is a currency pair value for
a given time 𝑝𝑝, and 𝑝𝑝 is the number of included values.
An example concept based onmoving averagesmaybe
found in [22].

The �irst technical indicator belonging to the group

of oscillators is the Relative Strength Index (RSI):

𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡
𝑡 𝑡 𝑎𝑎𝑎𝑎𝑎𝑎𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

, (3)

where𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 is the value of the RSI indicator calcula‑
ted on the basis of the last 𝑝𝑝 periods in time 𝑡𝑡, 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖𝑔𝑔
is the sum of gains over the past 𝑝𝑝 periods and 𝑎𝑎𝑎𝑎𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
is the sumof losses over thepast𝑝𝑝periods. The second
oscillator to be used is the Commodity Channel Index
(CCI):

𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡
𝑡
𝑝𝑝 ·

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑝𝑝𝑖𝑖𝑡𝑡𝑎𝑎𝑙𝑙 𝑡 𝑀𝑀𝑀𝑀𝑝𝑝(𝑡𝑡𝑡
𝜎𝜎(𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑝𝑝𝑖𝑖𝑡𝑡𝑎𝑎𝑙𝑙𝑡

, (4)

where 𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 is the value of the CCI indicator calcu‑
lated on the basis of 𝑝𝑝 periods in time 𝑡𝑡, 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑡𝑡𝑡𝑡𝑝𝑝𝑖𝑖𝑡𝑡𝑎𝑎𝑙𝑙
is the typical price calculated as the average value of
the Close, Low and High price from a given period, 𝜎𝜎 is
the mean absolute deviation and 𝑝𝑝 is the constant va‑
lue used for scaling themean absolute deviation value;
for 𝐶𝐶𝐶𝐶𝑅𝑅20(𝑡𝑡𝑡 this value is equal to 𝑡.𝑡𝑡5.

5. Crisp Trading System
Actions of the typical crisp system can be descri‑

bed with the use of a binary activation function. The
function takes the value one when a respective condi‑
tion for a technical indicator is true and takes the value
zero otherwise. The signal to open a position on the
market is generated only in the �irst case.

Let us denote these conditions for the considered
indicators as 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑀𝑀𝑀𝑀, 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅 and 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅 . A poten‑
tial BUY signal may be generated for a given currency
pair when at least one of the conditions is ful�illed:

𝑓𝑓𝑏𝑏𝑏𝑏𝑡𝑡 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝 if (𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑀𝑀𝑀𝑀𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝 𝑡
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝 𝑡 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝𝑡, (5)

where conditions 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑀𝑀𝑀𝑀𝐵𝐵𝐵𝐵𝐵𝐵 , 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 , 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵
refer to the moving averages, RSI and CCI indicators
respectively. If neither of the conditions is ful�illed the
currency pair is removed from further analysis:

𝑓𝑓𝑏𝑏𝑏𝑏𝑡𝑡 𝑡 𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓𝑝𝑝 if¬(𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑀𝑀𝑀𝑀𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝
𝑡𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝 𝑡 𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝𝑡, (6)

The typical conditions used in the existing trading sy‑
stems for the considered technical indicators are pre‑
sented below. The condition for the moving averages
takes the form:
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑀𝑀𝑀𝑀𝐵𝐵𝐵𝐵𝐵𝐵 𝑡 𝑡𝑡𝑝𝑝𝑡𝑡𝑝𝑝 if (𝑀𝑀𝑀𝑀𝑓𝑓𝑎𝑎𝑙𝑙𝑡𝑡(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑙𝑙𝑙𝑙𝑙𝑙𝑠𝑠(𝑡𝑡𝑡𝑡

∧(𝑀𝑀𝑀𝑀𝑓𝑓𝑎𝑎𝑙𝑙𝑡𝑡(𝑡𝑡 𝑡 𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑙𝑙𝑙𝑙𝑙𝑙𝑠𝑠(𝑡𝑡 𝑡 𝑡𝑡𝑡,
(7)

where 𝑀𝑀𝑀𝑀𝑓𝑓𝑎𝑎𝑙𝑙𝑡𝑡(𝑡𝑡 𝑡 𝑡𝑡 is the value of the moving
average fromthe lowerperiod in time 𝑡𝑡𝑡𝑡,𝑀𝑀𝑀𝑀𝑙𝑙𝑙𝑙𝑙𝑙𝑠𝑠(𝑡𝑡𝑡
𝑡𝑡 is the value of the moving average from the higher
period in time 𝑡𝑡 𝑡 𝑡. An example signal is generated if
two moving averages cross each other.

In the case of the oscillators RSI and CCI, the binary
activation functions are built on the basis of crossing
the indicator with some prede�ined levels. �or RSI this
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level will be 30. In the case of CCI it is −100. The con‑
ditions take the form:

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡𝑡

(8)

and

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡𝑡

(9)

where𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡−1𝑡 and𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡−1𝑡 denote respectively
the values of 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝐶𝐶𝐶𝐶𝑅𝑅 in time 𝑡𝑡 − 1.

6. Proposed Fuzzy Trading System
In the proposed system the different indicators

are considered jointly and the activation conditions
are fuzzy. Each currency pair is treated as a vari‑
ant in a multicriteria decision space. Criteria in this
space refer to particular indicators. Values of the cri‑
teria are de�ined by membership functions referring
to particular indicators. It is assumed that the mem‑
bership function for each indicator takes values in the
range ⟨0𝑡 1⟩. The membership function takes the value
1when the value 1 is achieved by the binary activation
function in the crisp approach.

In the fuzzy approach, the original signal genera‑
ted in the case of crisp approach is still included. Ho‑
wever, the situation when the conditions for a given
indicator are almost satis�ied, omitted in the crisp ap‑
proach, can be included in the fuzzy approachwith the
use of the membership function.

Let each currency pair 𝑐𝑐will be treated as a variant
𝑦𝑦 in the decision space ℝ𝑛𝑛; thus every variant 𝑦𝑦 will
be denoted as the vector of criteria 𝑦𝑦 = (𝑦𝑦1𝑡 𝑦𝑦2𝑡 ...𝑡 𝑦𝑦𝑛𝑛𝑡,
𝑦𝑦𝑖𝑖 ∈ ⟨0𝑡 1⟩, 𝑖𝑖 = 1𝑡 𝑖𝑡 ...𝑡 𝑐𝑐, where 𝑐𝑐 is the number of con‑
sidered indicators. The criteria are de�ined by values
of the membership function calculated for particular
indicators.

Due to limited space, we introduce only members‑
hip functions related to the BUY signals. The mem‑
bership functions for the �ELL signals can be de�ined
in a similar way. The membership function for the
MMA indicator is proposed in the form:

𝜇𝜇𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑚𝑚𝑚𝑚𝑚𝑚𝑀𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚𝑚𝑚𝑚𝑚 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡

∧(𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
1 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
𝑚𝑚ℎ𝑖𝑖𝑖𝑖ℎ
𝑚𝑚𝑚𝑚𝑚𝑚 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡
∧(𝑓𝑓ℎ𝑖𝑖𝑖𝑖ℎ 𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
0 in other case

(10)
where𝑚𝑚𝑚𝑚𝑚𝑚 is themaximal number of readings used in
the calculations, 𝑓𝑓ℎ𝑖𝑖𝑖𝑖ℎ is a function used to count rea‑
dings above the moving average with a higher period
and 𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 is a function used to count readings below the
moving average with a higher period. It is assumed in

the above calculations that in the case of reading wit‑
hout the crossover of moving averages the possibility
of a trend change would rise while the present trend
would continue.

Themembership function de�ined for the R�I indi‑
cator is given as follows:

𝜇𝜇𝑅𝑅𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑓𝑓𝑡
30 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡

1 if ((𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡𝑡
∨(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 = 31𝑡

0.9
𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑀30

· 𝛼𝛼 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 31𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝑡0𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
0 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝑡0𝑡

(11)
In the case of the CCI indicator the membership
function takes the form:

𝜇𝜇𝐶𝐶𝐶𝐶𝑅𝑅𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛𝑡
𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑚𝑚
𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑚𝑚𝑀100

if
(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
1 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑡𝑡0

𝑀𝑡0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −𝑡0𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −𝑡0𝑡

(12)
where 𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 is a value of the 𝐶𝐶𝐶𝐶𝑅𝑅 indicator in the
present time, 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 is the maximal considered CCI
value and 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛 is the minimal considered CCI va‑
lue. A vector of scalar values in the range of ⟨0; 1⟩ is
generated in a given time 𝑡𝑡 for all of the given indica‑
tors and represents each currency pair as a variant in
the multicriteria space. In this space, we made multi‑
criteria analysis and look for the Pareto optimal (non‑
dominated) variants. Respective domination relations
have to be introduced.

The following relationsbetweenvariants are intro‑
duced inℝ𝑛𝑛 space:

A variant𝑦𝑦 is at least as preferred as a va‑
riant 𝑧𝑧 if each criterion of 𝑦𝑦 is not worse than the re‑
spective criterion of 𝑧𝑧.

𝑦𝑦 𝑦 𝑧𝑧 𝑦 (𝑦𝑦1 ≥ 𝑧𝑧1𝑡 ∧ (𝑦𝑦2 ≥ 𝑧𝑧2𝑡 ∧ ... ∧ (𝑦𝑦𝑛𝑛 ≥ 𝑧𝑧𝑛𝑛𝑡. (13)

A variant 𝑦𝑦 is more preferred (better)
than a variant 𝑧𝑧 according to the logical formulae:

𝑦𝑦 𝑦 𝑧𝑧 𝑦 (𝑦𝑦 𝑦 𝑧𝑧𝑡 ∧ 𝑦(𝑧𝑧 𝑦 𝑦𝑦𝑡. (14)

An algorithm deriving non‑dominated variants is
proposed. The following notions are used in the algo‑
rithm: the ideal – aspiration point 𝑡𝑡, the reservation
point 𝑚𝑚 = (𝑚𝑚1𝑡 𝑚𝑚2𝑡 ...𝑡 𝑚𝑚𝑛𝑛𝑡_𝑤𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑚𝑚𝑖𝑖 ∈ [0𝑡 1], the set of
all variants 𝑌𝑌, the set of points removed from the ana‑
lysis in the algorithm 𝑌𝑌𝑀, the set of points accepted for
further analysis in the algorithm 𝑌𝑌𝑡 = 𝑌𝑌 𝑌 𝑌𝑌𝑀, the set
of non‑dominated variants𝑁𝑁𝑁𝑁. The aspiration point 𝑡𝑡
refers to the case when BUY signals are generated for
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all indicators, i.e. when all the membership functions
take the value 1. The reservation point 𝑥𝑥 is de�ined by
the minimum values of membership functions accep‑
ted by the decision maker.

The simpli�ied idea of the algorithm is given below:
‑ Step 0. In this initial step, the sets 𝑌𝑌 and𝑁𝑁𝑁𝑁 𝑁 𝑁 are
created. The aspiration point 𝑢𝑢 𝑁 𝑢1𝑢𝑢 𝑢 1𝑢 and the
reservation point 𝑥𝑥 assumed by the decision maker
are �ixed.

‑ Step 1. The set 𝑌𝑌− is generated as the set of points
dominated by the reservation point and removed
from further analysis. All other points belong to the
set 𝑌𝑌+.

‑ Step 2. If there exists variant 𝑦𝑦 𝑦 𝑌𝑌+, 𝑦𝑦 𝑁 𝑢𝑢, then
𝑁𝑁𝑁𝑁 𝑁 𝑁𝑦𝑦𝑁. End of the algorithm.

‑ Step 3. Each variant 𝑦𝑦 𝑦 𝑌𝑌+ is checked: if 𝑦𝑦 𝑦 𝑌𝑌−
then it is removed from further analysis, else it is
compared with the points in the set 𝑁𝑁𝑁𝑁 (it is added
to 𝑁𝑁𝑁𝑁 if 𝑁𝑁𝑁𝑁 is empty). For each point 𝑧𝑧 𝑦 𝑁𝑁𝑁𝑁, if 𝑦𝑦
dominates 𝑧𝑧, then 𝑧𝑧 is removed from𝑁𝑁𝑁𝑁, 𝑦𝑦 is added
to 𝑁𝑁𝑁𝑁 and the set 𝑌𝑌− is extended by the set of point
dominated by 𝑦𝑦; if 𝑦𝑦 is dominated by 𝑧𝑧 then 𝑦𝑦 is re‑
moved from analysis, i.e. removed from the set 𝑌𝑌+.

The algorithm ends, when all variants from the set 𝑌𝑌+
are checked.

In the algorithm, the concept of domination cons is
used. For each point 𝑌𝑌 added to the set𝑁𝑁𝑁𝑁, the set 𝑌𝑌−
is extended using the domination cone. The successive
extensions of this set of points removed from analysis
assure the high computational ef�iciency of the algo‑
rithm.

Fig. 2. An illustrative example

It has been proved that the algorithm derives all
non‑dominated variants in the set of variants non‑
dominated by the reservation point 𝑥𝑥. All other vari‑
ants are eliminated from the analysis.

The algorithm has been implemented in
a computer‑based trading system to make expe‑
riments using real data from the Forex market.

The fuzzy approach introduces additional uncer‑
tainty which is not present in the case of the crisp ap‑
proach. The decision maker selecting one of the vari‑
ants derived by the fuzzy trading system takes a risk

that the variant can be not effective. The uncertainty
and risk depend on the distance of the reservation
point from the aspiration point 𝑢𝑢. In the case of the re‑
servation point which is close to the aspiration point,
the risk is lower but only a few or even not any variant
can be derived by the system. The risk is greater when
the distance increases but the system can derive and
propose a greater number of non‑dominated variants.
The decisionmaker is aware of this decides on the po‑
sitioning of the reservation point.

Figure 2 presents variants analyzed by the algo‑
rithm in a two‑dimensional criteria space. The aspi‑
ration point 𝑢𝑢 and the reservation point 𝑥𝑥 are shown.
The algorithm, from the set of all variants, selects the
non‑dominated variants 𝑦𝑦3, 𝑦𝑦5 and 𝑦𝑦6. The shadowed
area represents the set of points dominated by the va‑
riants above.

The classical crisp system generates 5 signals for
variants𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4,𝑦𝑦5 not informing,which of them
are more or less promising. Let us note, that variants
𝑦𝑦1, 𝑦𝑦2, 𝑦𝑦4 are eliminated and removed from analysis
by the proposed fuzzy system.

7. Numerical Experiments
In this section, we present the results of numerical

experiments with real data from the Forex market. In
the experiments, the proposed fuzzy trading system is
compared with the existing crisp trading systems for
the three indicators considered above. Our main mo‑
tivation was to estimate the number of variants po‑
tentially interesting for the decision maker, indicated
by the different trading systems. We tested 30 succes‑
sive readings. By a reading, wemean a single situation
on the price chart which is observed in a speci�ic time
window. The systems derived variants interested for
the decisionmaker in every reading.We selected three
different timewindows (frames) corresponding to the
scalping systemwith aggressive trading (the length of
a single time window was equal to 5 minutes), to the
intraday system (the length of a single time window
was equal to 1 hour) and �inally to the long‑term tra‑
dingwith the length of a single timewindowequal to 1
day. The overall length of the experiments in the case
of the scalping system was equal to 30 · 5 𝑁 100 mi‑
nutes, for the intraday system the overall length of the
experiments was equal to 30 hours, and 30 days for
the long‑term trading. Information about the selected
time windows can be found in Table 1. The number
of variants (currency pairs) available and analyzed in
every reading was always equal to 68. Systems with
two and three indicators were analyzed separately.

Tab. 1. Data sets summary

Starting Date Ending Date
5 Minutes 2017 IV 03 8.00 2017 IV 03 10.25
1 Hour 2017 I 02 7.00 2017 I 03 12.00
1 Day 2017 II 03 00.00 2017 III 15 00.00
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level will be 30. In the case of CCI it is −100. The con‑
ditions take the form:

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡𝑡

(8)

and

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐶𝐶𝐶𝐶𝑅𝑅𝐵𝐵𝐵𝐵𝐵𝐵 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡𝑡

(9)

where𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡−1𝑡 and𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡−1𝑡 denote respectively
the values of 𝑅𝑅𝑅𝑅𝑅𝑅 and 𝐶𝐶𝐶𝐶𝑅𝑅 in time 𝑡𝑡 − 1.

6. Proposed Fuzzy Trading System
In the proposed system the different indicators

are considered jointly and the activation conditions
are fuzzy. Each currency pair is treated as a vari‑
ant in a multicriteria decision space. Criteria in this
space refer to particular indicators. Values of the cri‑
teria are de�ined by membership functions referring
to particular indicators. It is assumed that the mem‑
bership function for each indicator takes values in the
range ⟨0𝑡 1⟩. The membership function takes the value
1when the value 1 is achieved by the binary activation
function in the crisp approach.

In the fuzzy approach, the original signal genera‑
ted in the case of crisp approach is still included. Ho‑
wever, the situation when the conditions for a given
indicator are almost satis�ied, omitted in the crisp ap‑
proach, can be included in the fuzzy approachwith the
use of the membership function.

Let each currency pair 𝑐𝑐will be treated as a variant
𝑦𝑦 in the decision space ℝ𝑛𝑛; thus every variant 𝑦𝑦 will
be denoted as the vector of criteria 𝑦𝑦 = (𝑦𝑦1𝑡 𝑦𝑦2𝑡 ...𝑡 𝑦𝑦𝑛𝑛𝑡,
𝑦𝑦𝑖𝑖 ∈ ⟨0𝑡 1⟩, 𝑖𝑖 = 1𝑡 𝑖𝑡 ...𝑡 𝑐𝑐, where 𝑐𝑐 is the number of con‑
sidered indicators. The criteria are de�ined by values
of the membership function calculated for particular
indicators.

Due to limited space, we introduce only members‑
hip functions related to the BUY signals. The mem‑
bership functions for the �ELL signals can be de�ined
in a similar way. The membership function for the
MMA indicator is proposed in the form:

𝜇𝜇𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑚𝑚𝑚𝑚𝑚𝑚𝑀𝑚𝑚𝑙𝑙𝑙𝑙𝑙𝑙
𝑚𝑚𝑚𝑚𝑚𝑚 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡

∧(𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
1 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
𝑚𝑚ℎ𝑖𝑖𝑖𝑖ℎ
𝑚𝑚𝑚𝑚𝑚𝑚 if (𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡𝑡
∧(𝑓𝑓ℎ𝑖𝑖𝑖𝑖ℎ 𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑡
∧(𝑀𝑀𝑀𝑀𝑚𝑚𝑚𝑚𝑓𝑓𝑓𝑓(𝑡𝑡 − 1𝑡 𝑡 𝑀𝑀𝑀𝑀𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡 − 1𝑡𝑡
0 in other case

(10)
where𝑚𝑚𝑚𝑚𝑚𝑚 is themaximal number of readings used in
the calculations, 𝑓𝑓ℎ𝑖𝑖𝑖𝑖ℎ is a function used to count rea‑
dings above the moving average with a higher period
and 𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 is a function used to count readings below the
moving average with a higher period. It is assumed in

the above calculations that in the case of reading wit‑
hout the crossover of moving averages the possibility
of a trend change would rise while the present trend
would continue.

Themembership function de�ined for the R�I indi‑
cator is given as follows:

𝜇𝜇𝑅𝑅𝑅𝑅𝑅𝑅𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑓𝑓𝑡
30 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡

1 if ((𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 30𝑡𝑡
∨(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 = 31𝑡

0.9
𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑀30

· 𝛼𝛼 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 31𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝑡0𝑡
∧(𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 30𝑡
0 if (𝑅𝑅𝑅𝑅𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝑡0𝑡

(11)
In the case of the CCI indicator the membership
function takes the form:

𝜇𝜇𝐶𝐶𝐶𝐶𝑅𝑅𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑐𝑐𝑡 =

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛𝑡
𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑚𝑚
𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑚𝑚𝑀100

if
(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
1 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑓𝑓𝑡𝑡𝑡0

𝑀𝑡0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −100𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −𝑡0𝑡
∧(𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡 − 1𝑡 𝑡 −100𝑡
0 if (𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 𝑡 −𝑡0𝑡

(12)
where 𝐶𝐶𝐶𝐶𝑅𝑅𝑝𝑝(𝑡𝑡𝑡 is a value of the 𝐶𝐶𝐶𝐶𝑅𝑅 indicator in the
present time, 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚 is the maximal considered CCI
value and 𝐶𝐶𝐶𝐶𝑅𝑅𝑚𝑚𝑖𝑖𝑛𝑛 is the minimal considered CCI va‑
lue. A vector of scalar values in the range of ⟨0; 1⟩ is
generated in a given time 𝑡𝑡 for all of the given indica‑
tors and represents each currency pair as a variant in
the multicriteria space. In this space, we made multi‑
criteria analysis and look for the Pareto optimal (non‑
dominated) variants. Respective domination relations
have to be introduced.

The following relationsbetweenvariants are intro‑
duced inℝ𝑛𝑛 space:

A variant𝑦𝑦 is at least as preferred as a va‑
riant 𝑧𝑧 if each criterion of 𝑦𝑦 is not worse than the re‑
spective criterion of 𝑧𝑧.

𝑦𝑦 𝑦 𝑧𝑧 𝑦 (𝑦𝑦1 ≥ 𝑧𝑧1𝑡 ∧ (𝑦𝑦2 ≥ 𝑧𝑧2𝑡 ∧ ... ∧ (𝑦𝑦𝑛𝑛 ≥ 𝑧𝑧𝑛𝑛𝑡. (13)

A variant 𝑦𝑦 is more preferred (better)
than a variant 𝑧𝑧 according to the logical formulae:

𝑦𝑦 𝑦 𝑧𝑧 𝑦 (𝑦𝑦 𝑦 𝑧𝑧𝑡 ∧ 𝑦(𝑧𝑧 𝑦 𝑦𝑦𝑡. (14)

An algorithm deriving non‑dominated variants is
proposed. The following notions are used in the algo‑
rithm: the ideal – aspiration point 𝑡𝑡, the reservation
point 𝑚𝑚 = (𝑚𝑚1𝑡 𝑚𝑚2𝑡 ...𝑡 𝑚𝑚𝑛𝑛𝑡_𝑤𝑤𝑤𝑡𝑡𝑡𝑡𝑡𝑡𝑚𝑚𝑖𝑖 ∈ [0𝑡 1], the set of
all variants 𝑌𝑌, the set of points removed from the ana‑
lysis in the algorithm 𝑌𝑌𝑀, the set of points accepted for
further analysis in the algorithm 𝑌𝑌𝑡 = 𝑌𝑌 𝑌 𝑌𝑌𝑀, the set
of non‑dominated variants𝑁𝑁𝑁𝑁. The aspiration point 𝑡𝑡
refers to the case when BUY signals are generated for
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all indicators, i.e. when all the membership functions
take the value 1. The reservation point 𝑥𝑥 is de�ined by
the minimum values of membership functions accep‑
ted by the decision maker.

The simpli�ied idea of the algorithm is given below:
‑ Step 0. In this initial step, the sets 𝑌𝑌 and𝑁𝑁𝑁𝑁 𝑁 𝑁 are
created. The aspiration point 𝑢𝑢 𝑁 𝑢1𝑢𝑢 𝑢 1𝑢 and the
reservation point 𝑥𝑥 assumed by the decision maker
are �ixed.

‑ Step 1. The set 𝑌𝑌− is generated as the set of points
dominated by the reservation point and removed
from further analysis. All other points belong to the
set 𝑌𝑌+.

‑ Step 2. If there exists variant 𝑦𝑦 𝑦 𝑌𝑌+, 𝑦𝑦 𝑁 𝑢𝑢, then
𝑁𝑁𝑁𝑁 𝑁 𝑁𝑦𝑦𝑁. End of the algorithm.

‑ Step 3. Each variant 𝑦𝑦 𝑦 𝑌𝑌+ is checked: if 𝑦𝑦 𝑦 𝑌𝑌−
then it is removed from further analysis, else it is
compared with the points in the set 𝑁𝑁𝑁𝑁 (it is added
to 𝑁𝑁𝑁𝑁 if 𝑁𝑁𝑁𝑁 is empty). For each point 𝑧𝑧 𝑦 𝑁𝑁𝑁𝑁, if 𝑦𝑦
dominates 𝑧𝑧, then 𝑧𝑧 is removed from𝑁𝑁𝑁𝑁, 𝑦𝑦 is added
to 𝑁𝑁𝑁𝑁 and the set 𝑌𝑌− is extended by the set of point
dominated by 𝑦𝑦; if 𝑦𝑦 is dominated by 𝑧𝑧 then 𝑦𝑦 is re‑
moved from analysis, i.e. removed from the set 𝑌𝑌+.

The algorithm ends, when all variants from the set 𝑌𝑌+
are checked.

In the algorithm, the concept of domination cons is
used. For each point 𝑌𝑌 added to the set𝑁𝑁𝑁𝑁, the set 𝑌𝑌−
is extended using the domination cone. The successive
extensions of this set of points removed from analysis
assure the high computational ef�iciency of the algo‑
rithm.

Fig. 2. An illustrative example

It has been proved that the algorithm derives all
non‑dominated variants in the set of variants non‑
dominated by the reservation point 𝑥𝑥. All other vari‑
ants are eliminated from the analysis.

The algorithm has been implemented in
a computer‑based trading system to make expe‑
riments using real data from the Forex market.

The fuzzy approach introduces additional uncer‑
tainty which is not present in the case of the crisp ap‑
proach. The decision maker selecting one of the vari‑
ants derived by the fuzzy trading system takes a risk

that the variant can be not effective. The uncertainty
and risk depend on the distance of the reservation
point from the aspiration point 𝑢𝑢. In the case of the re‑
servation point which is close to the aspiration point,
the risk is lower but only a few or even not any variant
can be derived by the system. The risk is greater when
the distance increases but the system can derive and
propose a greater number of non‑dominated variants.
The decisionmaker is aware of this decides on the po‑
sitioning of the reservation point.

Figure 2 presents variants analyzed by the algo‑
rithm in a two‑dimensional criteria space. The aspi‑
ration point 𝑢𝑢 and the reservation point 𝑥𝑥 are shown.
The algorithm, from the set of all variants, selects the
non‑dominated variants 𝑦𝑦3, 𝑦𝑦5 and 𝑦𝑦6. The shadowed
area represents the set of points dominated by the va‑
riants above.

The classical crisp system generates 5 signals for
variants𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4,𝑦𝑦5 not informing,which of them
are more or less promising. Let us note, that variants
𝑦𝑦1, 𝑦𝑦2, 𝑦𝑦4 are eliminated and removed from analysis
by the proposed fuzzy system.

7. Numerical Experiments
In this section, we present the results of numerical

experiments with real data from the Forex market. In
the experiments, the proposed fuzzy trading system is
compared with the existing crisp trading systems for
the three indicators considered above. Our main mo‑
tivation was to estimate the number of variants po‑
tentially interesting for the decision maker, indicated
by the different trading systems. We tested 30 succes‑
sive readings. By a reading, wemean a single situation
on the price chart which is observed in a speci�ic time
window. The systems derived variants interested for
the decisionmaker in every reading.We selected three
different timewindows (frames) corresponding to the
scalping systemwith aggressive trading (the length of
a single time window was equal to 5 minutes), to the
intraday system (the length of a single time window
was equal to 1 hour) and �inally to the long‑term tra‑
dingwith the length of a single timewindowequal to 1
day. The overall length of the experiments in the case
of the scalping system was equal to 30 · 5 𝑁 100 mi‑
nutes, for the intraday system the overall length of the
experiments was equal to 30 hours, and 30 days for
the long‑term trading. Information about the selected
time windows can be found in Table 1. The number
of variants (currency pairs) available and analyzed in
every reading was always equal to 68. Systems with
two and three indicators were analyzed separately.

Tab. 1. Data sets summary

Starting Date Ending Date
5 Minutes 2017 IV 03 8.00 2017 IV 03 10.25
1 Hour 2017 I 02 7.00 2017 I 03 12.00
1 Day 2017 II 03 00.00 2017 III 15 00.00
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7.1. Data Example With Two Indicators
We selected an approach with two criteria based

on the CCI and RSI indicators and the most popular
1‑hour time window and the date of January 3, 2017,
which was connected with the opening of the New
York trading session. All generated variants are pre‑
sented in the two‑dimensional criteria space shown
in Fig. 3a. In the analysis, we focused only on the buy
signals. A similar analysis can be performed for short
sells.

Fig. 3. Two‐criteria example with 𝑦𝑦1 = 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶, 𝑦𝑦2 = 𝜇𝜇𝑅𝑅𝑅𝑅𝐶𝐶.
a) all 68 variants generated; b) set of considered
variants along with the reservation point 𝑥𝑥; c) set of
non‐dominated variants derived for the decision maker

A characteristic arrangement of variants in the cri‑
teria space can be observed in the case of the system
based only on two criteria. In a large number of vari‑
ants only one criterion has a very high value (close to
1), while the other criterion is often below the accep‑
table value. The results of the fuzzy approach are pre‑
sented in Fig. 3b. The dot lines in Fig. 3b and Fig.
3c denote the position of the reservation point 𝑥𝑥 =
(0.75, 0.75). First, all variants dominated by the reser‑
vation point 𝑥𝑥 are excluded from further analysis. This
situation can be observed in Fig. 3b. After obtaining
a set of variants that are potentially acceptable to the
decision maker, the proposed algorithm is used to ge‑
nerate a set of non‑dominated solutions𝑁𝑁𝑁𝑁. These va‑
riants can be seen in Fig. 3c. Finally, 5 non‑dominated,
different variantswere derived for the decisionmaker.

In the case of the crisp approach, the number of
variants derived for the decision maker is relatively
small, while the fuzzy approach can be used to extend
the set of non‑dominated variants derived for the de‑
cision maker.

7.2. Number of Variants Derived to the Decision Maker
Selected results of the experiments are presented

in Table 2 for the 5‑minute timewindow, in Table 3 for
the 1‑hour time window and in Table 4 for the largest
1‑day time window. The tables present the numbers

of the non‑dominated variants derived by the propo‑
sed fuzzy system for four different values of the re‑
servation point: 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3), ∀𝑖𝑖 𝑥𝑥𝑖𝑖 = 0.7, 𝑥𝑥𝑖𝑖 =
0.8, 𝑥𝑥𝑖𝑖 = 0.9, 𝑥𝑥𝑖𝑖 = 0.95 (the columns are marked by
𝑥𝑥 = 0.7, 𝑥𝑥 = 0.8, 𝑥𝑥 = 0.9, 𝑥𝑥 = 0.95 respectively).
Theses results are compared to the numbers of sig‑
nals generatedby three versions of the crisp approach:
Crisp∗, Crisp∗∗ and Crisp∗∗∗, wherein the Crisp∗ appro‑
ach a signal is generated and presented to the deci‑
sion maker when at least one of the conditions de�i‑
ned by the binary activation function is satis�ied, in the
second considered approach – Crisp∗∗ at least 2 con‑
ditions must be ful�illed, while in the last considered
Crisp∗∗∗ approach all the 3 conditions have to be satis‑
�ied. In the last case, the generated signal corresponds
to the variants equal to the aspiration point 𝑢𝑢.

The Crisp∗ approach overproduces the number
of variants proposed to the decision maker, thus se‑
lection of a single variant by the decision maker to
make the trading decision may be extremely dif�icult.
A decreasing number of criteria is observed in the case
of Crisp∗∗ so that it leads to an empty set of variants
derived for the decision maker. In the case of Crisp∗∗∗,
which corresponds to the situation, in which a variant
equal to the aspiration point 𝑢𝑢 should be found, even
a single solution was not observed.

The fuzzy approach generates relatively small sets
of non‑dominated variantswhich are far easier to ana‑
lyze by the decision maker.

We use bold font to indicate in the tables the desi‑
rable market situations when the number of variants
derived by the fuzzy system for the decision maker is
4, 3 or 2. We use the italic font to indicate situations
when the empty set of variants derived for the deci‑
sion maker by the Crisp∗∗ method is observed, e.g. in
readings 6, 7, 9, 10, 12, 13 in Table 2; see also readings
1, 3−6, 8 in Table 3 and readings 1, 3−7, 9, 13 in Table
4.

There were also situations when the proposed
fuzzy approach derives a relatively large set of vari‑
ants, which may be dif�icult to analyze by the deci‑
sion maker. In the case of the 1‑hour and 1‑day time
window, such a situation is undesirable, but the de‑
cision maker has additional time to perform the ana‑
lysis. While for the smaller time windows such situ‑
ations need some additional extension of the propo‑
sed approach. Such an extension is planned in further
works with the use of respective ranking methods.

It is crucial to understand that all variants derived
for the decision maker in the case of the fuzzy appro‑
ach are non‑dominated, while in the case of the Crisp∗
approach (due to the binary activation function)many
variants indicated by the system can be dominated. In
the case of the crisp system, the decision maker has
no information which of the generated variants is bet‑
ter or worse. This leads to an important observation
that in the case of the crisp approach a single variant
is treated as acceptable if any criterion is equal to 1.
Thus, in the case of two variants, 𝑦𝑦1 = (0, 0.05, 1) and
𝑦𝑦2 = (0, 0.95, 1), both of them are treated as equally
good as (0, 0, 1), while in the fuzzy approach it is pos‑
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sible to distinguish these two variants in favor of 𝑦𝑦2
which strictly dominates the �irst variant.

Similar experiments were conducted for two re‑
maining time windows observed in Table 3 and Table
4. In the case of the reservation point being far from
the aspiration point 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥𝑥𝑥 the sets of gene‑
rated variants often exceeded the assumed limits. The
fuzzy system generates only a few variants, which can
be easily analyzed. In the 1‑day tie window, an inte‑
resting situation could be observed in readings 4, 18
and2𝑥, where the𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ could not deliver even a sin‑
gle variant while 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ generated a number of vari‑
ants that greatly exceeded the analytical capabilities of
the decision maker. The fuzzy approach, in turn, once
again allowed to obtain a reasonable number of non‑
dominated variants in successive readings.

The obtained results are also presented in the
graphical form for the fuzzy approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥,
and compared to the 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ approaches.
The results from Table 3 are presented in Fig. 4, re‑
maining results from Table 4 and 5 are presented re‑
spectively in Fig. 5 and Fig. 6. One can easily observe
disproportions in the number of variants generated by
both crisp methods and a reasonable number of non‑
dominated variants derive from the proposed fuzzy
system.

Fig. 4. 𝑥‐minute time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

Fig. 5. 1‐hour time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

The number of solutions generated in the case of
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ fairly exceeds analytical capabilities of the de‑
cision maker, while 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ often generates no solu‑
tions at all, and the most restrictive crisp approach

Fig. 6. 1‐day time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗∗ not delivered any variants at all. The pro‑
posed fuzzy approach gives the possibility to control
the number of generated variants on the basis of the
risk aversion adjusted with the use of the reservation
point. Itmaybe easily extendedon the trading systems
with four and more indicators represented by criteria
in a multicriteria space of possible decisions.

7.3. Sensitivity Analysis for the Reservation Point
To investigate the impact of the reservation point

𝑥𝑥 on the results achieved by the fuzzy approach, we
additionally performed the sensitivity analysis for this
particular parameter. Expected results should lead to
the conclusion, that equivalent decreasing the 𝑥𝑥 value
for all criteria increases the number of variants deri‑
ved for the decision maker. At the same time the risk
related to these variantswill be higher than in the case
of the crisp approach. However, decreasing only one
component 𝑥𝑥𝑖𝑖 relates to the respective criterion and
the risk is increasing only in the case of this criterion.
This should also lead to increasing number of variants
derived for the decision maker without excessive risk.

The performed sensitivity analysis referring to the
reservation point 𝑥𝑥 allows to estimate the impact of 𝑥𝑥
on the overall number of variants generated for the de‑
cisionmaker. It is obvious, that the number of variants
will be decreasing, while 𝑥𝑥 is moved towards the aspi‑
ration point 𝑢𝑢. Thus two important questions emerge.
First of all, we investigate, whether the selected data
set (to bemore precise, the length of the timewindow)
has an impact on the overall number of variants in the
set 𝑁𝑁𝑁𝑁.

The shape of the chart indicates, that the average
number of variants derived to the decisionmaker gra‑
dually rises without any sudden changes, while the re‑
servation point is moved out of the aspiration point
(see Fig. 7). It would indicate the positive correlation
between the position of the 𝑥𝑥 and the number of va‑
riants available for the decision maker without any
observable anomalies. Such anomalies would include
large leap for some boundary values of the point 𝑥𝑥.

Results for two out of three analyzed time win‑
dows are presented in Fig. 7. While the position of the
reservation point 𝑥𝑥 is moved away from the aspiration
point 𝑢𝑢, the average number of variants interesting for
the decision maker is increased. Moreover, no visible
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7.1. Data Example With Two Indicators
We selected an approach with two criteria based

on the CCI and RSI indicators and the most popular
1‑hour time window and the date of January 3, 2017,
which was connected with the opening of the New
York trading session. All generated variants are pre‑
sented in the two‑dimensional criteria space shown
in Fig. 3a. In the analysis, we focused only on the buy
signals. A similar analysis can be performed for short
sells.

Fig. 3. Two‐criteria example with 𝑦𝑦1 = 𝜇𝜇𝐶𝐶𝐶𝐶𝐶𝐶, 𝑦𝑦2 = 𝜇𝜇𝑅𝑅𝑅𝑅𝐶𝐶.
a) all 68 variants generated; b) set of considered
variants along with the reservation point 𝑥𝑥; c) set of
non‐dominated variants derived for the decision maker

A characteristic arrangement of variants in the cri‑
teria space can be observed in the case of the system
based only on two criteria. In a large number of vari‑
ants only one criterion has a very high value (close to
1), while the other criterion is often below the accep‑
table value. The results of the fuzzy approach are pre‑
sented in Fig. 3b. The dot lines in Fig. 3b and Fig.
3c denote the position of the reservation point 𝑥𝑥 =
(0.75, 0.75). First, all variants dominated by the reser‑
vation point 𝑥𝑥 are excluded from further analysis. This
situation can be observed in Fig. 3b. After obtaining
a set of variants that are potentially acceptable to the
decision maker, the proposed algorithm is used to ge‑
nerate a set of non‑dominated solutions𝑁𝑁𝑁𝑁. These va‑
riants can be seen in Fig. 3c. Finally, 5 non‑dominated,
different variantswere derived for the decisionmaker.

In the case of the crisp approach, the number of
variants derived for the decision maker is relatively
small, while the fuzzy approach can be used to extend
the set of non‑dominated variants derived for the de‑
cision maker.

7.2. Number of Variants Derived to the Decision Maker
Selected results of the experiments are presented

in Table 2 for the 5‑minute timewindow, in Table 3 for
the 1‑hour time window and in Table 4 for the largest
1‑day time window. The tables present the numbers

of the non‑dominated variants derived by the propo‑
sed fuzzy system for four different values of the re‑
servation point: 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3), ∀𝑖𝑖 𝑥𝑥𝑖𝑖 = 0.7, 𝑥𝑥𝑖𝑖 =
0.8, 𝑥𝑥𝑖𝑖 = 0.9, 𝑥𝑥𝑖𝑖 = 0.95 (the columns are marked by
𝑥𝑥 = 0.7, 𝑥𝑥 = 0.8, 𝑥𝑥 = 0.9, 𝑥𝑥 = 0.95 respectively).
Theses results are compared to the numbers of sig‑
nals generatedby three versions of the crisp approach:
Crisp∗, Crisp∗∗ and Crisp∗∗∗, wherein the Crisp∗ appro‑
ach a signal is generated and presented to the deci‑
sion maker when at least one of the conditions de�i‑
ned by the binary activation function is satis�ied, in the
second considered approach – Crisp∗∗ at least 2 con‑
ditions must be ful�illed, while in the last considered
Crisp∗∗∗ approach all the 3 conditions have to be satis‑
�ied. In the last case, the generated signal corresponds
to the variants equal to the aspiration point 𝑢𝑢.

The Crisp∗ approach overproduces the number
of variants proposed to the decision maker, thus se‑
lection of a single variant by the decision maker to
make the trading decision may be extremely dif�icult.
A decreasing number of criteria is observed in the case
of Crisp∗∗ so that it leads to an empty set of variants
derived for the decision maker. In the case of Crisp∗∗∗,
which corresponds to the situation, in which a variant
equal to the aspiration point 𝑢𝑢 should be found, even
a single solution was not observed.

The fuzzy approach generates relatively small sets
of non‑dominated variantswhich are far easier to ana‑
lyze by the decision maker.

We use bold font to indicate in the tables the desi‑
rable market situations when the number of variants
derived by the fuzzy system for the decision maker is
4, 3 or 2. We use the italic font to indicate situations
when the empty set of variants derived for the deci‑
sion maker by the Crisp∗∗ method is observed, e.g. in
readings 6, 7, 9, 10, 12, 13 in Table 2; see also readings
1, 3−6, 8 in Table 3 and readings 1, 3−7, 9, 13 in Table
4.

There were also situations when the proposed
fuzzy approach derives a relatively large set of vari‑
ants, which may be dif�icult to analyze by the deci‑
sion maker. In the case of the 1‑hour and 1‑day time
window, such a situation is undesirable, but the de‑
cision maker has additional time to perform the ana‑
lysis. While for the smaller time windows such situ‑
ations need some additional extension of the propo‑
sed approach. Such an extension is planned in further
works with the use of respective ranking methods.

It is crucial to understand that all variants derived
for the decision maker in the case of the fuzzy appro‑
ach are non‑dominated, while in the case of the Crisp∗
approach (due to the binary activation function)many
variants indicated by the system can be dominated. In
the case of the crisp system, the decision maker has
no information which of the generated variants is bet‑
ter or worse. This leads to an important observation
that in the case of the crisp approach a single variant
is treated as acceptable if any criterion is equal to 1.
Thus, in the case of two variants, 𝑦𝑦1 = (0, 0.05, 1) and
𝑦𝑦2 = (0, 0.95, 1), both of them are treated as equally
good as (0, 0, 1), while in the fuzzy approach it is pos‑
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sible to distinguish these two variants in favor of 𝑦𝑦2
which strictly dominates the �irst variant.

Similar experiments were conducted for two re‑
maining time windows observed in Table 3 and Table
4. In the case of the reservation point being far from
the aspiration point 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥𝑥𝑥 the sets of gene‑
rated variants often exceeded the assumed limits. The
fuzzy system generates only a few variants, which can
be easily analyzed. In the 1‑day tie window, an inte‑
resting situation could be observed in readings 4, 18
and2𝑥, where the𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ could not deliver even a sin‑
gle variant while 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ generated a number of vari‑
ants that greatly exceeded the analytical capabilities of
the decision maker. The fuzzy approach, in turn, once
again allowed to obtain a reasonable number of non‑
dominated variants in successive readings.

The obtained results are also presented in the
graphical form for the fuzzy approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥,
and compared to the 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ approaches.
The results from Table 3 are presented in Fig. 4, re‑
maining results from Table 4 and 5 are presented re‑
spectively in Fig. 5 and Fig. 6. One can easily observe
disproportions in the number of variants generated by
both crisp methods and a reasonable number of non‑
dominated variants derive from the proposed fuzzy
system.

Fig. 4. 𝑥‐minute time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

Fig. 5. 1‐hour time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

The number of solutions generated in the case of
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ fairly exceeds analytical capabilities of the de‑
cision maker, while 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗ often generates no solu‑
tions at all, and the most restrictive crisp approach

Fig. 6. 1‐day time window linear chart for the fuzzy
approach with 𝑥𝑥 𝑥 𝑥𝑥𝑥𝑥, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗ and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶∗∗∗ not delivered any variants at all. The pro‑
posed fuzzy approach gives the possibility to control
the number of generated variants on the basis of the
risk aversion adjusted with the use of the reservation
point. Itmaybe easily extendedon the trading systems
with four and more indicators represented by criteria
in a multicriteria space of possible decisions.

7.3. Sensitivity Analysis for the Reservation Point
To investigate the impact of the reservation point

𝑥𝑥 on the results achieved by the fuzzy approach, we
additionally performed the sensitivity analysis for this
particular parameter. Expected results should lead to
the conclusion, that equivalent decreasing the 𝑥𝑥 value
for all criteria increases the number of variants deri‑
ved for the decision maker. At the same time the risk
related to these variantswill be higher than in the case
of the crisp approach. However, decreasing only one
component 𝑥𝑥𝑖𝑖 relates to the respective criterion and
the risk is increasing only in the case of this criterion.
This should also lead to increasing number of variants
derived for the decision maker without excessive risk.

The performed sensitivity analysis referring to the
reservation point 𝑥𝑥 allows to estimate the impact of 𝑥𝑥
on the overall number of variants generated for the de‑
cisionmaker. It is obvious, that the number of variants
will be decreasing, while 𝑥𝑥 is moved towards the aspi‑
ration point 𝑢𝑢. Thus two important questions emerge.
First of all, we investigate, whether the selected data
set (to bemore precise, the length of the timewindow)
has an impact on the overall number of variants in the
set 𝑁𝑁𝑁𝑁.

The shape of the chart indicates, that the average
number of variants derived to the decisionmaker gra‑
dually rises without any sudden changes, while the re‑
servation point is moved out of the aspiration point
(see Fig. 7). It would indicate the positive correlation
between the position of the 𝑥𝑥 and the number of va‑
riants available for the decision maker without any
observable anomalies. Such anomalies would include
large leap for some boundary values of the point 𝑥𝑥.

Results for two out of three analyzed time win‑
dows are presented in Fig. 7. While the position of the
reservation point 𝑥𝑥 is moved away from the aspiration
point 𝑢𝑢, the average number of variants interesting for
the decision maker is increased. Moreover, no visible
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Tab. 2. Number of variants available to the decision maker for the 5‐minute time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp** Crisp***
Reading 1 7 6 5 5 8 1 0
Reading 2 6 6 6 6 16 1 0
Reading 3 10 10 6 6 11 2 0
Reading 4 9 8 7 5 9 1 0
Reading 5 6 4 3 3 12 1 0
Reading 6 12 12 11 10 9 0 0
Reading 7 7 7 6 5 3 0 0
Reading 8 8 8 8 7 15 5 0
Reading 9 7 7 7 4 10 0 0
Reading 10 9 8 8 8 5 0 0
Reading 11 4 4 3 2 7 1 0
Reading 12 6 5 4 3 13 0 0
Reading 13 8 7 6 5 7 0 0
Reading 14 6 5 5 5 12 2 0
Reading 15 9 9 5 4 11 0 0
Reading 16 10 8 6 5 9 2 0
Reading 17 11 8 7 6 4 0 0
Reading 18 6 6 4 4 10 3 0
Reading 19 9 8 5 4 6 0 0
Reading 20 8 7 6 6 5 0 0
Reading 21 12 11 10 8 8 0 0
Reading 22 4 4 3 3 13 1 0
Reading 23 8 8 6 4 10 0 0
Reading 24 3 3 3 3 5 2 0
Reading 25 7 7 7 7 5 0 0
Reading 26 5 4 4 4 7 1 0
Reading 27 5 5 5 5 11 3 0
Reading 28 4 3 3 3 8 1 0
Reading 29 9 9 9 8 10 0 0
Reading 30 8 7 7 5 9 0 0

large leaps are observed.

8. Conclusion
Existing trading systems based on the crisp appro‑

ach have a number of disadvantages. In this article, we
proposed themulticriteria fuzzy trading system inclu‑
ding three different technical indicators. Trading ru‑
les for both: the classical crisp and the proposed fuzzy
trading system were de�ined. A new concept of the
fuzzy trading system including the possibility to gene‑
rate sets of non‑dominated variants derived to the de‑
cision maker was introduced as well. All concepts of
trading systems were experimentally veri�ied and tes‑
ted on the limited set of technical indicators.

We experimentally veri�ied, that proposed fuzzy
trading system is capable to effectively derive Pareto‑
optimal variants for the decisionmaker. The proposed
systemwas compared in the experiments to three ver‑
sions of the crisp system: Crisp∗, Crisp∗∗, Crisp∗∗∗. In
contrary to the fuzzy approach, the crisp system de‑
rives very small (or even none) variants in the case
of the Crisp∗∗ or number of variants is too large to
be effectively handled by the decision maker – what
was observed in the case of the Crisp∗. The third ver‑
sion of the classical trading system Crisp∗∗∗ was not

capable to derive even single variant. One of the most
important advantages of the proposed approach is
that the fuzzy system is capable to derive sets of non‑
dominated solutions, which could be further used to
develop a system for generating portfolios of variants.

Further works should include the application of
methods allowing ranking of the derived variants ac‑
cording to preferences of the decision maker. Besi‑
des the further development of the fuzzy concept,
a more robust and less computationally expensive al‑
gorithm capable to derive a set of non‑dominated va‑
riants should be developed as well.

AUTHORS
Przemysław Juszczuk∗ – University of Econo‑
mics, Faculty of Informatics and Communica‑
tion, Department of Knowledge Engineering, 1
Maja 50, 40‑287 Katowice, Poland, e‑mail: przem‑
yslaw.juszczuk@ue.katowice.pl.
Lech Kruś∗ – Systems Research Institute, Polish Aca‑
demy of Sciences, Newelska 6, 01‑447 Warsaw, Po‑
land, e‑mail: krus@ibspan.waw.pl.
∗Corresponding author

58

Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 14, N° 2 2020

Tab. 3. Number of variants available to the decision maker for the 1‐hour time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp∗∗ Crisp∗∗∗
Reading 1 10 8 7 6 4 0 0
Reading 2 9 8 5 4 15 2 0
Reading 3 11 9 6 5 5 0 0
Reading 4 8 6 5 5 13 0 0
Reading 5 6 6 5 5 15 0 0
Reading 6 7 6 4 4 10 0 0
Reading 7 10 9 9 8 9 1 0
Reading 8 7 7 5 4 15 0 0
Reading 9 9 8 7 7 9 2 0
Reading 10 7 4 4 4 5 0 0
Reading 11 4 3 3 3 7 0 0
Reading 12 6 6 5 4 19 3 0
Reading 13 10 9 5 5 12 2 0
Reading 14 6 5 5 5 2 1 0
Reading 15 7 5 3 2 0 0 0
Reading 16 3 3 3 3 10 0 0
Reading 17 4 4 3 3 7 0 0
Reading 18 6 4 4 4 4 0 0
Reading 19 6 6 5 4 2 0 0
Reading 20 4 4 3 2 9 0 0
Reading 21 5 4 3 3 9 0 0
Reading 22 7 5 4 3 6 0 0
Reading 23 4 3 3 3 7 0 0
Reading 24 4 4 4 3 13 2 0
Reading 25 4 4 4 3 7 1 0
Reading 26 6 6 5 3 10 0 0
Reading 27 6 6 4 4 11 1 0
Reading 28 5 5 3 3 7 0 0
Reading 29 5 4 4 3 6 0 0
Reading 30 3 3 3 3 5 0 0
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Tab. 2. Number of variants available to the decision maker for the 5‐minute time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp** Crisp***
Reading 1 7 6 5 5 8 1 0
Reading 2 6 6 6 6 16 1 0
Reading 3 10 10 6 6 11 2 0
Reading 4 9 8 7 5 9 1 0
Reading 5 6 4 3 3 12 1 0
Reading 6 12 12 11 10 9 0 0
Reading 7 7 7 6 5 3 0 0
Reading 8 8 8 8 7 15 5 0
Reading 9 7 7 7 4 10 0 0
Reading 10 9 8 8 8 5 0 0
Reading 11 4 4 3 2 7 1 0
Reading 12 6 5 4 3 13 0 0
Reading 13 8 7 6 5 7 0 0
Reading 14 6 5 5 5 12 2 0
Reading 15 9 9 5 4 11 0 0
Reading 16 10 8 6 5 9 2 0
Reading 17 11 8 7 6 4 0 0
Reading 18 6 6 4 4 10 3 0
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Reading 20 8 7 6 6 5 0 0
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Reading 22 4 4 3 3 13 1 0
Reading 23 8 8 6 4 10 0 0
Reading 24 3 3 3 3 5 2 0
Reading 25 7 7 7 7 5 0 0
Reading 26 5 4 4 4 7 1 0
Reading 27 5 5 5 5 11 3 0
Reading 28 4 3 3 3 8 1 0
Reading 29 9 9 9 8 10 0 0
Reading 30 8 7 7 5 9 0 0

large leaps are observed.

8. Conclusion
Existing trading systems based on the crisp appro‑

ach have a number of disadvantages. In this article, we
proposed themulticriteria fuzzy trading system inclu‑
ding three different technical indicators. Trading ru‑
les for both: the classical crisp and the proposed fuzzy
trading system were de�ined. A new concept of the
fuzzy trading system including the possibility to gene‑
rate sets of non‑dominated variants derived to the de‑
cision maker was introduced as well. All concepts of
trading systems were experimentally veri�ied and tes‑
ted on the limited set of technical indicators.

We experimentally veri�ied, that proposed fuzzy
trading system is capable to effectively derive Pareto‑
optimal variants for the decisionmaker. The proposed
systemwas compared in the experiments to three ver‑
sions of the crisp system: Crisp∗, Crisp∗∗, Crisp∗∗∗. In
contrary to the fuzzy approach, the crisp system de‑
rives very small (or even none) variants in the case
of the Crisp∗∗ or number of variants is too large to
be effectively handled by the decision maker – what
was observed in the case of the Crisp∗. The third ver‑
sion of the classical trading system Crisp∗∗∗ was not

capable to derive even single variant. One of the most
important advantages of the proposed approach is
that the fuzzy system is capable to derive sets of non‑
dominated solutions, which could be further used to
develop a system for generating portfolios of variants.

Further works should include the application of
methods allowing ranking of the derived variants ac‑
cording to preferences of the decision maker. Besi‑
des the further development of the fuzzy concept,
a more robust and less computationally expensive al‑
gorithm capable to derive a set of non‑dominated va‑
riants should be developed as well.
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Tab. 3. Number of variants available to the decision maker for the 1‐hour time window

x = 0.7 x = 0.8 x = 0.9 x = 0.95 Crisp* Crisp∗∗ Crisp∗∗∗
Reading 1 10 8 7 6 4 0 0
Reading 2 9 8 5 4 15 2 0
Reading 3 11 9 6 5 5 0 0
Reading 4 8 6 5 5 13 0 0
Reading 5 6 6 5 5 15 0 0
Reading 6 7 6 4 4 10 0 0
Reading 7 10 9 9 8 9 1 0
Reading 8 7 7 5 4 15 0 0
Reading 9 9 8 7 7 9 2 0
Reading 10 7 4 4 4 5 0 0
Reading 11 4 3 3 3 7 0 0
Reading 12 6 6 5 4 19 3 0
Reading 13 10 9 5 5 12 2 0
Reading 14 6 5 5 5 2 1 0
Reading 15 7 5 3 2 0 0 0
Reading 16 3 3 3 3 10 0 0
Reading 17 4 4 3 3 7 0 0
Reading 18 6 4 4 4 4 0 0
Reading 19 6 6 5 4 2 0 0
Reading 20 4 4 3 2 9 0 0
Reading 21 5 4 3 3 9 0 0
Reading 22 7 5 4 3 6 0 0
Reading 23 4 3 3 3 7 0 0
Reading 24 4 4 4 3 13 2 0
Reading 25 4 4 4 3 7 1 0
Reading 26 6 6 5 3 10 0 0
Reading 27 6 6 4 4 11 1 0
Reading 28 5 5 3 3 7 0 0
Reading 29 5 4 4 3 6 0 0
Reading 30 3 3 3 3 5 0 0
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Fig. 7. Sensitivity analysis for two selected data sets. (a)
1 hour time window with starting date 2 I 2017 7.00 and
ending date 3 I 2017 2.00; (b) 1 day time window with
starting date 3 II 2017 and ending date 5 III 2017
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