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Abstract:
Authors present the kinematic structure of measure-
ment arm along with its construction for efficient esti-
mation of orientation and position of the manipulator 
using extended Kalman filter. The major innovation of 
the arm is that it only uses accelerometers as gravity sen-
sors for determining relative positions of the links. This 
article presents the problem of position estimation based 
on measurements with high noise and the use of the 
extended Kalman filter to limit the impact of noise on the 
measurement. Repeatability tests were performed using 
custom made test stand. 
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1.	 Introduction
Large industrial manipulators make use of optical 

encoders or resolvers to measure the angular position 
of the joints. The dimensions of these encoders or re-
solvers do not affect the operating of the manipulator. 
These sensors also do not restrict the movement of 
manipulator arm during operation. However, for spe-
cial mini manipulators, finding a cost-efficient sensor 
of required dimension is a challenge. The manipulator 
used in this study is a disposable medical device used 
for measuring the change in length of the femoral bone 
before and after the hip replacement surgery. Hence, a 
low-cost sensor is required for accurate measurement.

Recently, accelerometers are being employed as 
cheaper alternatives to standard sensors for angu-
lar measurement [3][4][5][7]. In addition, the use of 
accelerometers reduces the overall components in 
the assembly, which makes the sterilization process 
easier. Our research is focused on obtaining accurate 
measurements. However, one of the major disadvan-
tages of using accelerometers, in this application, is 
the lack of arbitrary positioning of the joint whose 
angular position needs to be determined. When the 
joint rotates around the vertical axis, the accelerom-
eters are found to be incapable of detecting changes 
in the joint angle. However, rotation around the verti-
cal axis can be avoided by developing an appropriate 
kinematic construction of the manipulator arm. This 
ensures continuity of angular measurement and the 
correct operating of the manipulator [2]. 

2.	 Position Estimation 
The manipulator (measurement arm) with six de-

grees of freedom is based on the kinematics described 
by the Denavit–Hartenberg (D-H) notation. Table 1 
defines the position of the tip (Link 6) of the arm with 
respect to the base of the arm (Link 0). The manipula-
tor arm has no driving elements and is used for meas-
urement in static position. The individual parts of the 
manipulator (Fig. 1) are connected by rotary joints 
with one degree of freedom.

Tab. 1. D-H notation of manipulator

Link 
name

Nr
θi 

(θ0)
di

[mm]
ai 

[mm]
αi

Link 1 1 θ1 (90°) 13 20 -90°

Link 2 2 θ2 (0°) 0 80 0°

Link 3 3 θ3 (0°) 19.25 5 -90°

Link 4 4 θ4 (0°) 100 -5 90°

Link 5 5 θ5 (90°) 24.25 20 -90°

Link 6 6 θ6 (90°) 0 0 45°
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Fig. 1. The manipulator links connected by rotary joints

To determine the coordinates of the gravity vec-
tor in each link coordinate system and the angles of 
rotation of individual joints, accelerometers (type 
FXLS8471Q) are attached to each of the links (from 0 
to 6). 
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with the projection of the axis of rotation of the joint 
to the level. Two angles βy and βz have been defined 
with the rotation of the system 0 in relation to the G 
system, where βy determines the angle between the 
axes ZG and Z0, and βz determines the angle between 
the axes YG and Y0. The condition for the correct adop-
tion of the gravity system is the implementation of the 
transformation of the gravitational acceleration ver-
sion in the D-H system associated with the arm link  
meets in the form:
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is the rotation matrix of the transition from the “0” 
system to the gravity system.

The static data obtained from the measurements 
are used to determine the estimated parameters of 
the system model. The data in the registered sam-
ple are only the measure of the real parameters with 
some errors. During data processing, the state of the 
system is estimated taking into account the measure-
ment probability parameters (measurement noise, 
measurement system errors). The probability param-
eters of the estimation is also estimated.

With regards to the described manipulator, the es-
timation of the position depends on the accuracy of 
the accelerometers in measuring the individual varia-
bles θi and angles βy and βz.

For this manipulator:
–	 The state vector is presented as:

	
X =  ( )

θ θ θ θ θ θ β β
1 2 3 4 5 6 8 1y z

T

* 	
(8)

–	 The exit vector as a measure of the acceleration 
direction:

	
Z =[ ]E E E E E E E
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(21*1) 	
(9)

where Ei x y z
Te e e

i i i
=[ ]  determines versors of the 

gravitational acceleration in a D-H coordinate frame 
coupled with the i-th link of the arm.

The dependence between the Ei versor and the 
readings from the accelerometer sensors has the 
form:
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where: Ki is the calibration matrix determined as in 
[1] taking into account the transition from the sensor 
system to the D-H system of the arm.

The method used for measurement of angles us-
ing accelerometers is presented in [1]. The study also 
presents the possibility of achieving accurate meas-
urements and indicates the directions for further im-
provements. This study presents the problem of po-
sition estimation based on measurements with noise 
and the use of extended Kalman filter (EKF) to limit 
the impact of noise on the measurement. 

The state vector of the object (process) is called 
the minimum set of all internal variables whose 
knowledge at a given point of time together with the 
knowledge of future waveforms of input variables 
(when omitting nonmeasurable disturbance varia-
bles) allows unambiguous determination of future 
time courses of output variables [6].

In this study, the number of parameters (variables) 
describing the position of the tip in the base system is 
6: (3 coordinates of positions: x, y, z and 3 coordinates 
of orientation: Roll (z-axis), Pitch (y-axis), Yaw (x-ax-
is)). The dependence of the position of the tip relative 
to the base is determined by the vector L = [Lx, Ly, Lz]: 
from the center of the coordinate system of base up to 
the characteristic point on Link 6 (6L = [Lx6, Ly6, Lz6]T). 
The orientation parameters are determined by the ro-
tation matrix R, describing the orientation of the tip 
layout relative to the base. To completely describe the 
object’s state in the global coordinate system, we still 
need to determine the location of its base, which sim-
ilarly has 6 parameters: (3 coordinates of position: 
x, y, z and 3 coordinates of orientation: Roll (z-axis), 
Pitch (y-axis), Yaw (x-axis)). In case of the manipula-
tor used in this study, only the two global parameters 
concerning the orientation are possible to determine: 
Roll (z-axis) and Pitch (y-axis).

Representation of the L vector in the base system 
(Link 0):
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where A, matrix of transformations, according to the 
D-H notation, is equal to:
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where cθi or cαi – means cosine of the angle, sθi or sαi 
– means sine of the angle. Matrix of transformation of 
the arm takes the following form:
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and depends on the angles θi in the manipulator 
joints: 
	 A = f(θ) with θ=[θ1,…,θ6].	 (5)

The coordinate system XG, YG, ZG was established 
in such a way that the axis ZG of the gravity system 
was directed downwards, and the XG axis coincided 
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The output function h estimating the output vec-
tor based on the state variables is set as:
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ˆ ˆ ˆ ˆˆ ; ; ; ; ; ;ˆ ˆ ˆZ h E E E E E E E = =  X
	

(11)

	

0
0
1

ˆ ,i
G i

 
 =  
  

R E

	

(12)

	 3,1 3,2 3,3

ˆ Ti i i
i G G G

 =  R R RE
	

(13)

where: R R R RG
i

G i
i= … −

0

0

1

1  is determined from the D-H 
notation for individual joints based on ai, θi.

For the presented manipulator, the measurement 
equations (8–13) are nonlinear. Since the measure-
ment data from accelerometers are characterized by 
high noise, it is necessary to use a filter that limits the 
impact of noise on the accuracy of determining the 
position of the manipulator tip. An EKF [8, 9] can be 
used for this purpose, which also allows for the opti-
mal data fusion from various sources. The described 
system is characterized by high data redundancy (21 
measurement signals with 8 state variables). 

The EKF is a two-phase recursive algorithm: in the 
first phase based on the state from the previous step  

1| 1
ˆ

k kX − −  is determined the estimated value of the cur-
rent state | 1

ˆ
k kX −  from the moment k on the basis of 

measurements to the moment k–1.

	 | 1 1| 1
ˆ ˆ

k k k kX X− − −= A 	 (14)

For the presented arm with static measurements, 
the matrix A relating the current state with the previ-
ous one is in the form of an identity matrix: ( )8 8x=A I , 
because it is rewritten from the previous state value 
(record was saved in (14) to keep the standard EFK 
appearance). As this is a static measurement, there 
are no drives that induce movement of the manipu-
lator links. As a consequence, in the EKF prediction 
equation, the value associated with control vector in 
equation (14) is assumed to be zero.

The next step in the prediction phase is to deter-
mine the covariance matrix P for the vector | 1

ˆ
k kX −  in 

the form:

	 P A A Q Pk k k k
T

k k kP
| | |− − − − − −= + =
1 1 1 1 1 1 	 (15)

where: Pk k− −1 1|
 – covariance matrix P at time k−1; Qk−1  

– the process noise covariance matrix. It is assumed  
Qk− =

1
0  because the system is static and the process 

noise wk–1 has value 0.
Next, the second phase (correction stage) helps 

determine the measurement estimate for the state 
vector ˆkx  in the form:

	 ( )ˆ ˆ
k kZ X= h

	
(16)

After calculating the expected value of the output 
vector, the residual of the measurement vector is de-
termined in the form of the difference between the 
real measurement of  and estimated on the basis of 
the model at time k:

	
ˆ

k k kr Z Z= − 	 (17)

The covariance matrix of the estimate of the residual 
measurement vector is calculated from the formula:

	 k|k 1
T

k −= +S H H RP 	 (18)

where the matrix H is determined on the basis of par-
tial derivatives of the output vector with respect to 
the state vector variables:

	
h
X

∂=
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and R is the covariance of the measurement noise co-
variance ( )

2
21*21 ,accσ=R I  where accσ  is the standard 

deviation of the accelerometer noise specified by the 
sensor manufacturer.

To determine how much the estimate should be 
corrected, to get closer to the actual state, we deter-
mine Kalman’s gain in the form:

	
1

| 1
T

k k k k k
−

−=K P H S 	 (20)

using the individual components of the formula calcu-
lated in equations (15), (18), (19). In the last step of 
the correction phase, the corrected state vector and 
the corrected covariance matrix of the estimate are 
calculated in the form:

	 | | 1
ˆ ˆ

k k k k k kr−= + KX X 	 (21)

	 ( )| | 1k k k k k k−= −I K HP P 	 (22)

The magnitudes determined in the equations (21) 
and (22) are then used as the input values for subse-
quent measurements carried out at time k + 1.

The measurement stand (Fig. 2) consists of the 
measurement arm made using 3D printing technolo-
gy and electronics mounted on the device in the form 
of a central module (32-bit microprocessor ARM 
Cortex-M3) with display and seven miniature circuit 
boards of the accelerometers mounted on other links of 
the arm. The software responsible for data logging and 
communication with the user has been written in  [10]. 
The data obtained consisted of 30 measurements of the 
L position of the manipulator tip (Link 6) with respect 
to the base system (Link 0). The arm position was kept 
unchanged and the final data were analyzed in Excel.

Fig. 2. Measurement arm made in 3D printing 
technology
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Each measurement consisted of accelerometer 
readings repeated 400 times and converted using the 
EKF. The EKF was initialized as described in [1]. The 
results of the position measurements are presented 
in Figs. 3, 4, 5 and the results of the orientation meas-
urements are presented in Figs. 6, 7, 8. Both are in 
comparison with the results of estimation based on 
the average values described in [1]. 
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Fig. 3. Position measurements in Lx direction
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Fig. 4. Position measurements in Ly direction
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Fig. 5. Position measurements in Lz direction

Based on the position measurements, the stand-
ard deviations for position measurements using EKF 
were: σx = 0.04 mm, σy = 0.004 mm, σz = 0.01 mm, 
while based on the calculated average the standard 
deviation values were: σx = 0.04 mm, σy = 0.01 mm, 
σz = 0.02 mm.
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Fig. 6. Orientation measurements of γ angle (Roll)
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Fig. 7. Orientation measurements of β angle (Pitch)
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Fig. 8. Orientation measurements of α angle (Yaw)

Based on the orientation measurements, the 
standard deviations for orientation measurements 
using EKF were: σγ = 0.004°, σα = 0.018°, σβ=0.002°. 
While for orientation measurements based on the cal-
culated average the standard deviation values were: 
σγ = 0.009°, σα = 0.014°, σβ = 0.010°.

3.	 Discussion
In the figures above, a significant difference can 

be observed between the mean values obtained using 
both methods. According to our analysis, the results 
obtained using EKF are more accurate as this method 
takes into account all measurement data for estab-
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lishing a single state variable, while the convention-
al method, presented in [1], does not include all the 
measurement data.

Therefore, using EKF limits the effects of noise on 
the measurement and provides accurate results even 
with the static nature of the system.

4.	 Conclusions
The presented prototype manipulator is used for 

determining the difference between the primary meas-
urement before joint replacement and the secondary 
measurement after joint replacement; therefore, it is 
not important to determine the value of the L vector in 
the global system. Although the obtained results meet 
the requirements of these types of devices, the influ-
ence of factors such as deviation of the axis of the artic-
ulated joints from the vertical position, external forces, 
accuracy, and repeatability of arm fixing on markers is 
unknown. However, further work in this area will allow 
to estimate the total impact of all the factors associated 
with each link of the measurement arm.
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