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Abstract:

Ilin this paper we present an approach based on logic
functions with fuzzy conditions for constructing a deci-
sion support system for rating evaluation of objects. This
approach provides an effective and efficient way for sep-
arating rating marks into clusters, associated with a con-
trol effect directed at a successful functionality of objects
in future.
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1. Introduction

Ratings are widely used in diverse areas of human
activities (education, engineering, economics, ecolo-
gy, etc.) and allow acquiring available and up-to-date
information in some sort of a neutral integral index
that can be used in decision making. A number of dif-
ficulties in acquiring a rating estimate is discussed in
detail in [1]. These difficulties are connected with the
heterogeneity of characteristics, unstable final results
resulting from different scales, and results recognition
required for decision making. Thresholds, separating
range of values into intervals, are used for rating the
recognition of estimates. Control effects are applied
while a rating estimate gets into certain intervals. The
task of acquiring threshold values is resolved expe-
rimentally or based on experts’ opinion which is not
always possible. A posteriori statistical information
may be missing which may lead to significant diffi-
culties and mistakes. Besides that, rating estimates
always hold uncertainty zones, leading to a complica-
tion of control effect selection. Usually these zones are
located near threshold values or “mean-values-zones”
that are hard for the recognition because of an ambi-
guity of the situation cinsidered.

The use of linguistic statements makes it possible
to define rating estimates with heterogeneous charac-
teristics and to prevents incorrect arithmetic opera-
tions, common for the traditional rating estimation
models [2], [3]. But the problem of rating estimates’
recognition by purposely acquiring control effects has
its flaws, as discussed before. The reason of the flaws
is a lack of formalized approach that would be able to
reduce experts’ mistakes coming from an incomplete

or illegible information. This article proposes an ap-
proach for the recognition of rating estimates, and the
a decision making support based on fuzzy logic func-
tions developed and adapted for fuzzy conditions and
goals [4]-]5].

2. Construction of Functions from Fuzzy
Classes of k -valued Logic

Consider characteristics X i Jj=1,m, with corre-
sponding values X;, I=1,m;,j=1m, characterizing
their state. Assume these characteristics depend on
characteristic Y with values range Y,,[=1,k, if Yis as-
sociated with some information aggregating operator,
allowing to compute value of Y with X, j=1,m. An in-
formation aggregation operator 0, is a function defi-
ned on a set of all possible values X, j=1,m and ac-
cepting values on set of values Y,,[ =1,k:

Oy : Xy XXy XXX, Y.

11 2Ip

Historically, the first approach for selecting an in-
formation aggregation operator is geometric based on
the representation of an operator as a surface in the
(m+1)-dimensional space [5]. A flaw of this approach
is the necessity of knowing the value of an aggregation
operator on at least (m+1) values of characteristics
X;,j=1m and an inability of applying additional
experts’ information.

A logical approach to selecting an information ag-
gregation operator is applicable when some condi-
tions on operator O, can be applied. If we have k valu-
es of characteristic Y, we can introduce an information
aggregation operator as some k-valued logic function.
If the amount of an dependent characteristicX; equals
m, the information aggregation operator can be repre-
sented as a k-valued logic function of m variables.

Suppose that an expert can formulate fuzzy condi-
tions of an unknown function’s behavior like: «Func-
tion slightly decreases when the first variable strongly
increases», «When arguments 3 and 5 simultaneously
increase, the function value strongly increases», etc. In
this case we can speak of fuzzy classes of k-valued logic
[5] or k -valued logic functions of m variables with fuz-
zy conditions.

A fuzzy condition formulated by an expert descri-
bes the membership of function to certain fuzzy class
(for example, slightly increasing or slightly decre-
asing) based on values of a function at points i and
i+1,0<i<k-1. Value u;(p,q) is a degree of mem-
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bership to a certain fuzzy class given that
f(i)=p, f(i+1)=q, 0<p<k-1,0<g<k-1.All de-
tailed explanations will be given below.

According to [5], the fuzzy condition S is repre-
sented as a fuzzy binary relation S between sets X,Y
whichisa fuzzy set S: V(x,y)e XxY p,(x,y)e[0,1]}
and X ={x},Y ={y} are non-fuzzy sets.

If sets x,v are finite X={x,,x,,..x}
Y= {yl,yz,...,ym} then a fuzzy binary relation § may
be represented in a matrix form, the rows and co-
lumns of which are associated with elements of sets,
and on the intersection of i-th row and j-th column is
an element U (xi,yj ), ie.

W (xuy1) M (x0y,) - ms(x,p,)
p o Bs(aorn) Bs(xyz) o w5 (xwn) |
u‘j(xn’yl) p’S‘(Xn’yZ) “‘g(xn’ym)

A fuzzy binary relation S on set X is a fuzzy set S:
V(x,y)eX x X u;(x,y)€[0,1]

Consider a fuzzy condition S on the behavior of
a function f of one variable. Fuzzy relation S, corre-
sponding to S, describes the membership of a function
to a certain fuzzy class (for example, “slightly incre-
asing” or “slightly decreasing”) based on function va-
lues at points fand i+1,0<i<k-1. Value u.(p,q) is
a degree of membership to a certain fuzzy class given
that f(i)=p, f(i+1)=q, 0<p<k-1,0<q<k-1.
Fuzzy relation matrix S, corresponding to fuzzy condi-
tion S, looks like:

R =(u;(p.q)).

Let the function behavior depends on several fuz-
zy conditions - S",r=1,s. Each of these conditions
has a corresponding fuzzy relation matrix S",r=1,s.
The matrix, generalizing all these conditions, is obta-
ined via a T-norm:

S:-s _ Tgr .
r=1

The triangular norm (T- norm) is real-valued
function T :[0,1]x[0,1]—>[0,1], satisficing these con-
ditions:

1) T(0,0)= O,T(ug,l) = T(l,u;‘)= i, (boundedness);

2) T([LLA,/LB,)ST(/LE,[uD) if u; <uq gz < p; (monoto-
nicity);

3) T(,uA,/,té)= T(,ué,/AA) (commutativeness);

4) T(/JA,T(/LE,,LLE)) = T(T(,u;l,ué),,ué) (associativity).

If relation matrix S° has at least one zero row,
then the set of conditions S",r=1,s is contradictory
because fsatisfies it with the zero value. Next, an algo-
rithm of subset selection is suggested for such contra-
dictory sets. All pairs of conditions are tested for in-
consistency. Inconsistent pairs found are removed
from the consideration. In the next step all triplets of
conditions are tested for inconsistency. Inconsistent

triplets found are removed from the consideration.
This operation is repeated until step [,1<I<s, in
which all subsystems consisting of 1+1 fuzzy condi-
tions, are inconsistent. Then, the consistent subsys-
tems are all subsystems found in step /-1 and consi-
sting of I fuzzy conditions. Hereby, any number of
fuzzy conditions for one variable may be easily redu-
ced to one fuzzy condition for this variable.

Consider now k-valued logic functions with m va-
riables and imposed on fuzzy conditions S. Assume
m =2 and |S| = 2, for simplicity. Let S, to be first fuzzy
condition being determined by the first variable, and
the second condition S, - by the second variable.
Compute relation matrices S; and S,. The satisfac-
tion of conditions S means that conditions S, and S,
are satisfied simultaneously. This means that, for
(i,,i,) as the x, and x, values (iy,i, €{0,1,...k—1})
we should use the values resulting from the use ofa T
- norm of the (i, +1)-th row of relation matrix S"and
the (i, +1) -th row of matrix S?, they are the row valu-
es of matix S. This matrix has all properties of a rela-
tion matrix required.

Assume that the function behavior satisfies some
fuzzy condition S and furthermore some initial condi-
tion (for example f(0)=0). Fuzzy relation S, corre-
sponding to a fuzzy condition S, becomes the basis for
the fuzzy relation S, formalizing both function beha-
vior conditions. According to [4, 5], there holds

k
()= Ku(1-1,0)x us(i, ), (1< j<k2<1<k)
i=1

with the initial value f(0)=0. The first row of the re-
lation matrix S, corresponding to value 0, equals (1,
0, .., 0) - as the initial condition. The elements of
S are acquired by the multiplication of the previous
row of the relation matrix S on columns of the matrix
S but instead of the multiplication a triangle norm is
used.

A triangle norm is a real function of two variables,
K :[0,1]x[0,1] —>[0,1], satisfying the following condi-
tions:

1) K(1,1)=1,K(u;,0)=K(0,u;)=p; (limited);

2) K(,u/i,ué)ZK(,uE,,u[)) ifu; 2uz, 1y 2 u; (monoto-
nicity);

3) K(H;"Hg):K(Mg,H;‘) (commutativity);
4) K(uA,K(ug,ué)):K(K(ug,ué),pé) (associativity).

Suppose, the initial condition is formulated for
f(k—l) instead of f(O) Letitbe f(k—1)=q, (U=sg<
k-1), defining the k-th row of the relation matrix S . The
row consists of zeros except for 1 in column ¢q. The other
rows of matrix S are

k
u(L)N= K (U+1,0)% us(,0), (1< j<k1<I<k-1).
i=1

Assume that the initial condition is set for some
intermediate value f(l* -1 ,(1 <I'-1< k). Let it be
f(l* - 1) =q,(1<q<k-1), defining the I"-th row of
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matrix S. This row consists of zeros except for 1 in
column q. A common way of obtaining the matrix S is
defined by the formula:

k

KusU+10xu500) for 1<1<1
usLp=1""

Ku(1-1L,0)xus(i,j) for I' <I<k

i=1

(1<I<k1<j<k).

Suppose some function of one variable has one fuzzy
condition and ¢ initial conditions. Therefore that if there
are several initial conditions, then S, is computed for
each i-th condition separately (1 < i <¢), and the and re-
sulting matrix ' is given as follows

~ t ~
=15

As a result of the formalization of all conditions
of k-valued logic functions a fuzzy relation matrix is
produced. Functions, defined by forming fuzzy rela-
tion, applied to a real task. The posterior information
obtained is compared with prior information from
experts. Functions with disagreements are discarded.
The remaining functions are left. If no functions is
left, then we require an additional specification about
function conditions from experts and we should retry
the computations.

3. Rating Evaluation and Functions from Fuzzy
Classes of k -valued Logic

Consider N objects with some quality characteri-
stics (characteristic features) evaluated, X i ,Jj=1m,
with corresponding values X, I=1,m;,j=1,m. As-
sume that the characteristics X, j=1,m have a signi-
ficant_impact on the characteristic Y (with values
Y,,[=1,k) that implies a successful functioning of ob-
jects in the future.

As a result of a rating evaluation of objects with
respect to X, j=1,m, control effects on Y occur. To
define rating estimates of objects, results of scoring
are formalized using complete orthogonal semantic
spaces [1].

A linguistic variable is a quintuple

{x.T(x)UVv,5},
where X - is a name of a variable; T(X) = {X,.,i = L_m}
- a term-set of variable X, i.e. a set of terms or names
of linguistic values of variable X (each of these values
is a fuzzy variable with a value from a universal set U);
V - is a syntactical rule that gives names of the values
of a linguistic variable X; S - is a semantic rule that
gives to each fuzzy variable with a name from T(X) a
corresponding fuzzy subset of a universal set U [7].

A semantic scope is a linguistic variable with
a fixed term-set [7]. A theoretical analysis of the prop-
erties of semantic scopes aimed at adequacy improve-
ment of the expert assessment models and their use-
fulness for practical tasks solution has made it

possible to formulate the valid requirements for the
membership functions p,(x),I=1,m, of their term-
sets T(X) :{XI,I = 1,m} [8]:

1. For each X,,Izl,_m,
U,={er:;,L,(x)=1}

there is 0, #@, where
is a point or an interval.

2.1f U ={xeU:p,(x)=1}, then p,(x),I=1,m, does
not decrease to the left of U, and does not increase to
the right of U,.

3. W,(x),1=1,m have maximally two points of discon-
tinuity of the first type.

4. For each x e U, there holds ' u,(x)=1.
=1

The semantic scope the membership functions of
which meet the requirements mentioned has been ter-
med the Full Orthogonal Semantic Scope (FOSS) [8].

Based on results from [2], let us construct m FOS-
S's, X, j=1,m, with their corresponding term-sets
X, I=1Lm,j=1,m. Let u, (x) be a membership
function of fuzzy number X;, corresponding to the
[-th term of the j-th FOSS, I=1,m;, j=1,m. A fuzzy
number [9] Aisa fuzzy set w1th the membership
function uA( ) R—>[0 1]

LetX;? and uj( )_(aﬂ,a}z,aﬂ,alg),n 1,N, j=1,m,
be an estimate of a characteristic X; of the n-th ob-
]ect Fuzzy value X " with its membership function

(_Ls equal to one of the fuzzy values X,], I=1,m, m;

] 1,m . The first two parameters in brackets are the
abscissas of the apexes of the trapezoid upper bases
that are graphs of the corresponding membership
functions; while the last two parameters are the leng-
ths of the left and right trapezoid wings, respectively.

We denote the weight coeffjcients of the evaluated
characteristics by ©,,j=1,k, Z(Dj =1. A fuzzy rating

j=1

point of the n-th object [1, 9], n=1,N, within the cha-
racteristics X, j =1,m,is determined as a fuzzy number

A=0,0X"®.00, ®X"

with its membership function

m m m m
_ n n n n _
w )= Yo, > 0,3 0,3 0, | n=1,N
j=1 J=1 j=1 j=1

The defuzzification of the fuzzy values A ,n=1,N,
B=0,®X,®..90,8X,, B w®X 1@ @w@X
using the method ofLawty center [10] glveSche
crisp values A ,n=1,N,B,,B,. Value A ,n=1,N is
called a rating point of appearance of the quality char-
acteristics X]., j=1,m, of the n-th object, n=1,N.

A normed rating point of the n-th object, n= 1,_N, is
calculated as follows

and the range of values of E ,n= 1,_N is the unit interval,
[0, 1].
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To generate control effects as a result of a rating es-
timation we will use fuzzy logic functions. Suppose
that we have m variables X i Jj=1,m, and the desired
function takes k values (corresponding to the values of
s). Our aim is to construct a function with m variables
from fuzzy classes of a k-valued logic. The constructed
function make it possible to split estimates on k clus-
ters corresponding to the values of Y. A control effect
aiming at a successful functioning of the object in fu-
ture is set for each cluster.

The behavior of the desired function is restricted
by initial and fuzzy conditions. The construction of
such a function is demonstrated in the next section.

4. Decision Making Aimed at Guaranteeing
a Commercial Success of Software

Twenty software products designed for retail sales
automation, banking, insurance and intercompany ac-
counting were selected for the research. Developed
products were used by consumers on a trial mode ba-
sis. As input characteristics of software products three
qualities were selected: X, - modifiability, X, - lear-
ning curve, and X, - functionality.

The modifiability is a characteristic feature of so-
ftware simplifying a modification of a product, inclu-
ding the modularity, scalability and structuring. A low
learning curve makes it possible to reduce efforts on
learning and understanding the software and docu-
mentation and includes: the informativeness, structu-
ring and readability. The functionality provides a set
of functions defined in a product description and sa-
tisfying customers’ needs. As an output characteristic
feature, the success of product was used - Y, including
its popularity, sales and experts’ recognition.

All characteristics mentioned above were com-
pared with respect to three linguistic values: «low»,
«middle», «high», with their corresponding scores 0,
1, 2, respectively. As a result of a trial usage of software
products and their rating points, a recommendation
system meant for the improvement of the product’s
success is presented below.

The experts evaluation results are shown in Table 1.

Table 1. Evaluation results of the software products

n X, X, X,
1 0 1 0
2 0 0 0
3 1 0 2
4 1 1 1
5 2 0 2
6 2 1 1
7 0 1 1
8 1 0 1
9 1 2 0
10 1 2 0
11 0 0 1
12 1 1 0

The data given in Table 1 were formalized using
FOSS [2]. The membership functions of linguistic vari-
ables «low», «middle», «high» are shown in Table 2.
If the membership functions are trapezoid, then the
membership function is defined by four parameters.
The first two parameters are abscissas of the apexes
of the trapezoid upper bases that are graphs of the
corresponding membership function while the last
two parameters are the lengths of the left and right
trapezoid wings, correspondingly. If the membership
function is triangular, then it is clearly defined by
three parameters. The first parameter is the abscissa
of the vertex of the triangle, and the remaining two
parameters are the lengths of the left and right wings,
respectively.

Table 2. Software products’ evaluations given as the
trapezoid fuzzy numbers

n X, X, X,

1| (0015003) |(03750425025035) | (0,0.1250,0.25)
2 | (00.15003) (0,0.125,0,0.25) (0,0.125,0,0.25)
3 |(0.45,05503,03)|  (0,0.1250,0.25) (0.85,1,0.3,0)

4 |(0.45,0.55,0.3,0.3)| (0.375,0.425,0.25,0.35) | (0.375,0.55,0.25,0.3)

5 | (0.851,03,0) (0,0.125,0,0.25) (0.85,1,0.3,0)

6 (0.85,1,0.3,0) (0.375,0.425,0.25,0.35) | (0.375,0.55,0.25,0.3)

7 (0,0.15,0,0.3) (0.375,0.425,0.25,0.35) | (0.375,0.55,0.25,0.3)

8 |(0.45,0.55,03,03)|  (0,0.125,0,0.25) (0.375,0.55,0.25,0.3)
9 |(0.45,055,03,03)|  (0.775,1,0.35,0) (0,0.125,0,0.25)
10 |(0.45,0.55,0.3,0.3)|  (0.775,1,0.35,0) (0,0.125,0,0.25)
11 | (0,0.15,0,0.3) (0,0.125,0,0.25) (0.375,0.55,0.25,0.3)
12 |(0.45,0.55,0.3,0.3)| (0.375,0.425,0.25,0.35) |  (0,0.125,0,0.25)

The rating points have been calculated and are
shown in Table 3. The weight coefficients ®,,j=1,3,

1 .
are equal to 3 according to the experts.

The evaluation results obtained and the ratings
are then used to produce control recommendations
aiming at achieving a success of the product.

Usually the rating points are split into several in-
tervals obtained in an interaction with the experts.
Upon attaining a certain interval, a corresponding
control effect is used. We assume that there are 3 in-
tervals corresponding to the quantity of output cha-
racteristic feature, and the developed control effects.

If the rating point attains for the first time [0, x]
then the product’s success Y is low, and a severe refi-
nement is necessary. If the rating point of the software
product in question attains the medium interval [x, y]
then the software product’s success Y is medium, and
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Table 3. Rating points and rating of software products

Table 6. Fuzzy relation matrix describing «slightly-in-
crease» of logic function on variable X,

0 1 2
0.8 1 0.8
0 0.8 1
0 0 0.8

n Rating points Rating
1 0.248 11
2 0 12
3 0.746 2
4 0.542 6
5 0.816 1
6 0.676 3
7 0.457 8
8 0.433 9
9 0.613 4,5
10 0.613 4,5
11 0.329 10
12 0.462 7

As a result the functions describing the behavior
conditions, following fuzzy relation matrices from Ta-
bles 4-6, are obtained as shown in Tables 7-9.

Table 7. Fuzzy relation matrix describing logic function
F values on variable X,

the product requires a minor work. If the rating point
attains the last interval [y, 1], then the product’s suc-
cess is high and the product is ready for the market.
A logic function with fuzzy conditions will be used to
generate the control effects.

Function F depending on variables X, , X, , X, takes
on one of three values - «product success is low»,
«product success is medium», «product success is
high». These values correspond to the values 0, 1 and
2 and the corresponding control effects are «product
requires severe refinement», «product requires mi-
nor refinement», «product is ready for the market».
The linguistic values X,,X,,X, «low», «middle»,
«high» correspond to the values 0, 1 and 2. The
experts form the initial conditions as follows:
F(X, =2)=2,F(X,=2)=2, F(X,=2)=2, and the fuz-
zy conditions as «slightly-increase» on function beha-
vior for each variable. These conditions are formali-
zed using fuzzy relations. Matrices of these fuzzy
relations are shown in Tables 4-6.

Table 4. Fuzzy relation matrix describing «slightly-in-
crease» of logic function F on variable X,

0 1 2
0 0.9 1 0.9
1 0 0.9 1
2 0 0 0.9

Table 5. Fuzzy relation matrix describing «slightly-in-
crease» of logic function on variable X,

0 1 2
0 0.7 1 0.7
1 0 0.7 1
2 0 0 0.7

0 1 2
0 1 0.9 0.9
0.9 0.9 0.9
2 0 0 1

Table 8. Fuzzy relation matrix describing logic function
values on variable X,

0 1 2
0 1 0.7 0.7
1 0.7 0.7 0.7
2 0 0 1

Table 9. Fuzzy relation matrix describing logic function
values on variable X,

0 1 2
0 1 0.8 0.8
1 0.8 0.8 0.8
2 0 0 1

The intersection of the i+1-th row and j+1-th
column of the matrices from Tables 7-9 describes the
level of confidence of the function F acceptance value
j when variables X, X,,X, equalto i, i=0,2, j=0,2.

As aresult, by taking into account all conditions an
equation with a 27 row and 3 column matrix is obta-
ined. The elements of this matrix are levels of confi-
dence of F taking a certain value depending on the
values of variables X, X,, X, . For example, the level of
confidence of F being equal to 1 when
X, =0,X,=1,X, =0, is obtained as follows: take the
minimum element on the intersection of the first row
and the second column of the matrix shown in Table
7, the element on the intersection of the first row and
the second column of the matrix shown in Table 8 and
the element on the intersection of the first row and
the second column of the matrix shown in Table 9.

After all the computation, a fuzzy relation descri-
bing the fuzzy logic function F is obtained, The ele-
ments of the entries of the matrix representing this
fuzzy relation are shown in Table 10.
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Table 10. Fuzzy relation describing function F

0 1 2
000 1 0.7 0.7
001 0.8 0.7 0.7
002 0 0 0.7
010 0.7 0.7 0.7
011 0.7 0.7 0.7
012 0 0 0.7
020 0 0 0.8
021 0 0 0.8
022 0 0 0.9
100 0.9 0.7 0.7
101 0.8 0.7 0.7
102 0 0 0.7
110 0.7 0.7 0.7
111 0.7 0.7 0.7
112 0 0 0.7
120 0 0 0.8
121 0 0 0.8
122 0 0 0.9
200 0 0 0.7
201 0 0 0.7
202 0 0 0.7
210 0 0 0.7
211 0 0 0.7
121 0 0 0.7
220 0 0 0.8
221 0 0 0.8
222 0 0 1

The interaction with the experts has made it possible
to construct the fuzzy function of the 3-valued logic
with 3 variables, and this function’s values are shown
in Table 11.

Using function F we can conclude that: the softwa-
re products Nr 1, 2, 8, 11, with the rating points in the
first interval [0, 0.45] require severe improvements,
the software products Nr 4, 7, 12, with the rating po-
ints in the second interval [0.45, 0.55] require slight
improvements, the software products Nr 3, 5, 6,9, 10,
in the third interval [0.55, 1] are ready for the mar-
ked. Thus, function F has made it possible to split the
rating points into three intervals and set a control ef-
fect for each interval that is focused on the product’s
success in the future. These results match the experts’
opinion based on experience and knowledge.

Table 11. The 3-valued logic function F of 3 variables

Variables Function value
000 0
001 0
002 2
010 0
011 1
012 2
020 2
021 2
022 2
100 0
101 0
102 2
110 1
111 1
112 2
120 2
121 2
122 2
200 2
201 2
202 2
210 2
211 2
121 2
220 2
221 2
222 2

5. Concluding remarks

The rating evaluation is applied in a vast number
of human activities and used to form control effects
aiming at an effective and efficient functioning of ob-
jects under consideration. Difficulties in the selection
of control effect come from incomplete information or
possible errors in the experts’ decisions. Furthermore
indefinite zones of the rating score values exist and
make decision making ambiguous.

This paper proposed an approach to decision ma-
king on rating points using functions from fuzzy clas-
ses of the k -valued logic. The derivation of such func-
tions is performed using initial conditions and fuzzy
conditions on their behavior. The functions obtained
make it possible to cluster the rating points with the-
ir corresponding control effect, for a better functio-
nality success. An example of a practical application
confirms the effectiveness and efficiency of the deve-
loped approach.
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