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Abstract:
The paper presents the method of determining the glo-
bal orientation of links of the measuring arm by gaug-
ing the angles of the links relative to the vector of the 
gravitational and magnetic field using inertial sensors. 
A method of using Kalman filter to average the results is 
presented as a test on two-links measuring arm equipped 
with accelerometers and magnetometers placed on each 
of the links and analysis of measurement results in terms 
of repeatability. There was demonstrated the ability of 
creating kinematic chain. Instead of determining the po-
sition of the final link on the basis of the measurement 
of angles in relation to the previous links from the end to 
the base of the arm, it is possible to define links global 
orientation by measuring angles of links in reference to 
the vectors of the gravity field and the magnetic field, in 
global coordinate system.
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1. Introduction
Determination of kinematic chain last point’s 

location based on location of each link constitutes an 
issue in which usage of precise encoders (optical or 
magnetic) is common in measuring angle of joint’s 
rotation. This solution is expensive, however it pro-
vides high accuracy of results obtained. Specified, 
mutual location of individual links in each direction 
is not dependent from the attachment position of 
encoders because they directly indicate angular posi-
tion of rotary axis of exact degree of freedom. They 
are not used in solutions as this in case of small size 
devices. The research on solution to miniaturise mea-
suring arm in limited workspace began with the mea-
surement with usage of inertial sensors [1]. However, 
all of the inertial measuring systems are exposed to 
integration errors: small acceleration and velocity 
measurement errors are being integrated in increas-
ingly large velocity errors which magnify themselves 
to even more significant position errors [3], [2], [1]. 
New position is calculated based on previous calcu-
lated location, measured acceleration and angular 
velocity. Those errors cumulate approximately pro-
portional to time, because the primary position con-
stitute an input value. For that reason, the position 
must be periodically adjusted to another additional 
type of navigation system.

However it is possible to create kinematic chain, 
which eliminates determining position of the last link, 
based on measurements of angles related to previous 
links from the end to the base, Instead, it is possible to 
determine the global orientation by measuring angles 
of links in respect to the vectors of the gravity field 
and the magnetic field, which are in global coordinate 
system. 

The paper presents measuring method with 
a simple two-links measuring arm, equipped with 
accelerometers and magnetometers placed on each 
of the links and analysis of measurement results in 
terms of repeatability. In chapter II, the analysis of ki-
nematic structure and method of using Kalman filter 
to average the results will be presented, in chapter III 
research stand and in chapter IV measurements re-
sults will be presented and whole will be summed up 
in chapter V.

2. Theory
2.1. Kinematic Structure

Unequivocal definition of position of the link its 
initial point requires  defining its orientation in basic 
coordinate system which is connected to an immov-
able base. To describe kinematic structure of measur-
ing arm (Fig. 1) the following parameters has been 
used: X1,Y1,Z1 – global coordinate system located on 
link 1, X2,Y2,Z2 – coordinate system attached to link 2, 
X3,Y3,Z3 – coordinate system attached to link 3. 

Vector L=[LX,LY,LZ] has been specified by combin-
ing joints I and III and following angles: θ2 between L 
vector and X2 – axis vector, θ3 between L vector and X3 
vector, θZ between L vector and X1Y1 plane, θY between 
X1 – axis vector and L vector measured in X1Y1 plane, 

Fig. 1 Measuring arm’s kinematic chain – plane X1Z1 
and X1Y1
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α as rotation of the plane defined by initial points 
of joints around L vector. 

Links location is determined by L vector de-
fined as:

  (1)

where:  – matrix of X2,Y2,Z2 coordinate system rota-
tion - connected with link 2,

  (2)

 – matrix of X3,Y3,Z3 coordinate system rotation – 
connected with link 3,

  (3)

Rα – rotation around X axis by α angle

  (4)

Rθz – rotation around Z axis by θZ angle

  (5)

RθY – rotation around Y axis by θY angle

  (6)

Rθ2 – rotation around Y axis by θ2 angle

  (7)

Rθ3 – rotation around Y axis by (-θ3) angle

  (8)

Basing on the law of cosines we set:

  (9)

  (10)

  (11)

and 

  (12)

  (13)

In cylindrical coordinate system L vector: Z = Lz;

  θ=atan2(Ly, Lx). 

If vector of the gravity G equal to:

  (14)

and vector of the magnetic field M, with the base of 
the measuring arm oriented towards Earth’s mag- 
netic pole:

  (15)

values of gravitational acceleration and magnetic field 
measured by sensor attached to 2 link equals:

  (16)

  (17)

And for 3 link we receive:

  (18)

  (19)

Based on equations (1–19) and selected data read 
by sensors direct dependence of L vector can be re-
ceived. It can be seen that there is more available 
data than required to perform calculations and hence 
this redundancy can be used to increase accuracy of 
measurement. Despite the fact that the data read by 
sensors are highly noised, it is possible to use the fol-
lowing measurements as a static measurement be-
cause the arm does not perform dynamic movements. 
However it should be remembered that each sen-
sor has different accuracy described as the noise of 
measurement covariance matrix and his uniqueness 
should be included while gauging the real location of 
arm. The references to Kalman filtration can be seen 
in bibliography [5–8]. It includes all of foregoing fac-
tors and sets the estimate of the state vector having 
the smallest covariance error. 

2.2. Usage of the Extended Kalman Filter to 
Average the State Vector 

While constructing Kalman filter, the state vector 
X, the output vector Z, the control vector U, discrete 
equation of state, the output equation, covariance ma-
trix Q the noise of the process wQ, covariance matrix R 
the noise of measurement wR, the initial state X0 and 
error covariance matrix of its estimation P0 should be 
defined as follows: 

The state vector X of the system:

  (20)

The output vector Z of the system:



Journal of Automation, Mobile Robotics & Intelligent Systems VOLUME  11,      N°  2        2017

Articles44

  (21)

The control vector of the system is assumed as 
a rate of change of the α angle:

  (22)

determined on the base of gyroscope sensors at-
tached to both links. From the methodological point 
of view more accurate would be to join this velocity to 
vector of state and values of measurements to vector 
of measurement. However, proposed solution is less 
demanding for computing reasons and due to consid-
eration of gyroscope’s measurement uncertainty, the 
noise of the process covariance matrix gives almost 
the same results. 

For variables defined this way, the equation of 
state is defined as:

  (23)

and the measurement equation is defined as:

  (24)

where relation h(X) combining direction of the gravity 
and the magnetic field read by sensors with variable 
of the state is non-linear and defined on the base of 
(1–19) equations. Due to the fact that measurement is 
assumed to be static where L vector remains constant 
and where change of α angle is unknown and rotated 
manually, the noise covariance matrices Q4x4 was as-
sumed as zeros except (4,4) element, where substitut-
ed cubed standard deviation of radial velocity mea-
surement. The noise of the measurement covariance 
matrix R12x12 has been defined as diagonal matrix with 
cubed standard deviation of individual sensors on the 
main diagonal of the matrix. 

In this system we use equations of Kalman filter 
in stage of prediction – the prediction of the state at 
the timestep k based on the state estimate and control 
from previous timestep: 

  (25)

  (26)

in stage of filtering – the updating of the state esti-
mator and error covariance matrix of the state based 
on the measurement inputs at the timestep: 

  (27)

  (28)

  (29)

  (30)

  (31)

where:

  
(32)

Fk-1 is the state transition model which is applied to 
the previous state xk−1,

 
;
 

(33)

Hk is the observation model which maps the true state 
space into the observed space. For example (34):

   

  
,
  

  

  

  

    
 
  

  

  

  

  

  

  
  

  

   (34)
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2.4. Research 
To conduct the tests, the research stand (Fig. 2) 

mechanism has been assembled using four links: 
(1, 2, 3, 4) connected with two joints (no. I, III) of 3DoF 
and joint (no. II) of 1DoF. Individual links have been 
manufactured as 3D prints of VeroClear material. On 
each link, the sensor AltIMU 10 (5) has been placed, 
containing three-axis accelerometer (scale range ±2 g, 
resolution 0.06 mg/LSB), three-axis magnetometer 
(scale range ±2 gauss, resolution 0.06 mgauss/LSB) 
and three-axis gyroscope (scale range ±245 dps, reso-
lution 0.004 dps/LSB) [9]. 

There can be seen that discussed measuring arm 
with fixed first and last joint has an additional degree 
of freedom: rotation of arm around axis between both 
spherical joints. During tests, two methodologies 
were used: measuring arm was fixed or was forced to 
perform slow oscillations around axis between both 
spherical joints.

From many conducted tests of the arm, in this pa-
per the following ones were described: 
1. Measurement of base position „0”: 5 measure-

ments with and without oscillations around α an-
gle.

Fig. 2. Measuring arm model – a) CAD model and, b) 3D 
printed model

a) b)

Table1. The base position measurement’s accuracy

The base position
„0”

Ref. meas. 
[mm]

Middle meas. 
[mm]

Δ
[mm]

δ 
[%]

σ
[mm]

w
ith

ou
t o

sc
. |L| [mm] 61.82 61.44 ±0.57 0.9 0.23

R [mm] 57.06 56.54 ±0.79 1.4 0.12

θ [rad] 1.58 1.19 ±0.42 26.7 0.06

Z [mm] -23.79 -24,04 ±0.56 2.4 0.12

w
ith

 o
sc

.

|L| [mm] 61.82 61.61 ±0.28 0.4 0.23

R[mm] 57.06 56.76 ±0.40 2.7 0.13

θ [rad] 1.58 1.12 ±0.48 28 0.01

Z [mm] -23.79 -23.97 ±0.35 2 0.16

Table 2. Accuracy of displacement’s measurement along Z axis

Displacem. along 
Z axis [mm]

Ref. meas. 
[mm]

Middle meas. 
[mm]

Δ
[mm]

δ 
[%]

σ
[mm]

w
ith

ou
t o

sc
.

-3.11 -3.11 -2.88 ±0.36 2.39 0.08

-6.24 -6.24 -5.95 ±0.33 2.18 0.03

-9.34 -9.34 -9.28 ±0.10 0.67 0.03

-12.51 -12.51 -12.18 ±0.41 2.77 0.08

-15.65 -15.65 -15.70 ±0.08 0.53 0.02

w
ith

 o
sc

.

-3.11 -3.11 -3.07 ±0.08 0.6 0.04

-6.24 -6.24 -6.14 ±0.25 1.7 0.14

-9.34 -9.34 -9.28 ±0.14 0.9 0.08

-12.51 -12.51 -12.38 ±0.24 1.6 0.07

-15.65 -15.65 -15.71 ±0.12 0.8 0.06

2. Measurement of displacement in X direction, 
by 2.0 mm in range to 10 mm from position „0”: 
5 measurements with and without oscillations 
around α angle.

3. Measurement of displacement in Z direction, by 
3.2 mm in range to 16.0 mm from position „0”: 
5 measurements with and without oscillations 
around α angle.
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Before attempting to accomplish measurements, 
the calibration of sensors has been performed to de-
fine indication values of individual vector’s compo-
nents in respect to the gravity field and the magnetic 
field of the Earth. Data from sensors have been read 
for 20 s with sampling frequency equal to 100 Hz, 
which allow to receive 2000 samples. Reference 
measurement has been performed with the usage of 
digital caliper with accuracy of 0.01 mm. Definition 
of length of links (l2) and (l3) has been based on the 
CAD model.

2.4. Results 
Using Matlab software, functions, describing each 

data presented in  section 2, have been created. During 
tests, huge variety of results connected with arm rota-
tion around vertical axis has been noticed. According 
to that fact, the results were presented in cylindrical 
coordinate system as presented: 

  

It can be seen that value of error is slightly smaller 
for the measurements with oscillations than for the 
case without oscillations, however the differences are 
not significant.

Due to the high value of absolute error of mea-
surement θ angle (Δ=±0,42 rad). Following measure-
ments has been focused on determining accuracy of 
measuring Z and R parameters. Results of measure-
ments described in Table 2 show increased accuracy 
of measurements in model with applied oscillations 
of measuring arm’s links around α. At the same time 
there can be seen increase of accuracy of displace-
ment measurement in relation to displacement mea-

Table 3. Accuracy of displacement’s measurement along R axis

Displacem. along R 
axis [mm]

Ref. meas. 
[mm]

Middle meas. 
[mm]

Δ
[mm]

δ
[%]

σ
[mm]

W
ith

ou
t o

sc
.

-2 -1.99 -1.77 ±0.25 2.5 0.01

-4 -3.90 -3.45 ±0.45 4.5 0.02

-6 -5.72 -5.75 ±0.04 0.4 0.01

-8 -7.45 -7.35 ±0.10 1.0 0.02

-10 -9.07 -9.22 ±0.16 1.6 0.01

w
ith

 o
sc

.

-2 -1.99 -1.76 0.32 3.2 0.07

-4 -3.90 -3.44 ±0.47 4.7 0.02

-6 -5.72 -5.63 ±0.14 1.4 0.03

-8 -7.45 -7.21 ±0.24 2.4 0.01

-10 -9.07 -9.13 ±0.08 0.8 0.02

surements described in Table 1. Similar results pre-
sented in table 3 were achieved for change of location 
in r direction. 

During the measurements, magnetic sensor’s 
measurement has the biggest influence on changes of 
displacement in θ direction. For example it can be dis-
rupted by ferromagnetic materials or devices contain-
ing magnets like mobile phone. On the other hand, ac-
curacy of position for measurements in the radial and 
vertical direction does not exceed ± 0.5 mm. Relative 
error of displacement measurements has been ap-
pointed as relation between maximal absolute error 
and range of displacement which is 10 mm. Very small 
value of standard deviation of measurements is worth 
to be noticed. It may indicate that prevailing cause of 
error is constituted by reference measurement, yet 
only future research can confirm this hypothesis.

3. Summary 
Simple research stand has been set as basic two-

link measuring arm. Global orientation of its links has 
been defined by measuring angles of joints in rela-
tion to vectors of the gravitational and magnetic field 
in global coordinate system. The paper presents the 
method of measurement with usage of the measuring 
arm equipped with accelerometers and magnetom-
eters placed on each of the measuring arm links. Also 
there  is presented analysis of system’s kinematics and 
method of using Kalman filter to average the results. 
Analysis of measurements, in terms of repeatability, 
shows measurement’s accuracy on level of ±0.5 mm 
along Z and R direction was described.

The results obtained from the magnetometer are 
strongly affected by external magnetic fields. The 
optained accuracy in the radial and vertical direction 
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was the result of a high repeatability and accuracy of 
accelerometers. These conclusions were an impulse 
to seek another, limited cost, method of measure-
ment, which would allow to get a high accuracy not 
only in two but in all six degrees of freedom.

It is possible to determine the joint angle based on 
data from the accelerometer placed on two links com-
bined with rotary joint. It’s rotation axis should al-
ways be inclined from the vertical direction. For a plu-
rality of such links connected in series of the pivot 
joints and with triaxial accelerometer placed on each 
of links, we can get a measurement of the bending an-
gle of each of the joints. Of course, as in the previous 
case the rotation axis of joints should be inclined from 
the vertical direction.

Fig. 3. 6D arm a) CAD model; b) 3D printed model

In such a case it is possible to create kinematic 
chain with six degrees of freedom, measuring both 
the orientation and the position of the end effector in 
a coordinate system associated with the initial link. 
Fig. 3 presents a CAD model and 3D printing views of 
such arm. The arm consists of seven links connected 
with six rotary joints. In following research measuring 
algorithm will be developed along with the studies on 
the accuracy of arm with six degrees of freedom.
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