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Abstract:
ProposiƟon of compliant foot for bipedal robot is in-
troduced and its properƟes are invesƟgated. The foot
consists of four compliant elements (spring-damper)
mounted to four verƟces of a rectangular frame. The
results of robot gait analysis using Zero Moment Point
method are shown. ZMP trajectories for rigid and compli-
ant foot are compared and conclusions are formulated.
Foot compliance reduces needed for postural stabiliza-
Ɵon compensatory movements of the upper part of the
body by those simplifying control methods and construc-
Ɵon. Obtained results will be applied in real prototype of
small humanoidal robot. Robot construcƟon inwhich pro-
posed foot will be applied is shortly introduced.

Keywords: humanoidal robots, compliance, ankle joint,
roboƟc feet, prototyping

1. IntroducƟon. MoƟvaƟons
There is seen an important trend in today’s

robotic: newly developed robots more oftenmove fast
and naturally like the animals. This trend is especially
visible in humanoidal robots – they imitate people not
only by their appearance but also by theirmotion. This
is visible in robots constructed at Waseda University
[5]. To achieve similarities between robot and human,
not only appropriate mechanical body structure, con-
trol system and motion pattern are needed but also
the proper foot-ground contact must be assured. Such
contact can be obtained by the phenomenon of me-
chanical compliance. In the past the robot parts in-
cluding robot’s feet were usually made out only of
a stiff components. Today more often compliant ele-
ments are applied. They are not only used as a sep-
arate components, but they create complex compli-
ant mechanical systems where several compliant ele-
ments interact with each other. Robot described in [4]
is such anexample – it is jumping robotwith compliant
bio-inspired legs. RunBot robot [6] is the robot with
a ϐlat feet and actively powered ankle joint. Robot de-
sign was inspired by the human bone structure. Run-
Bot is claimed to be well stable when moving over un-
dulating terrain. In thepaper [7] a robotwithmultiple-
segmented actively powered foot is proposed. Authors
[7] tested their model in terms of achievable gait ve-
locity. It was shown that velocities in knee jointsmight
be reduced while maintaining the same gait velocity.

As it is illustrated by Fig. 1 there are two main
methods of introducing compliance into robotic feet:
– passive way exploiting compliant materials and

spring-damper systems – active way with powered
compliant joints. The beneϐit of passiveway is simplic-
ity and lowweight because this solution does not need
the actuation and not any control. Active compliance
has no such advantages but the behaviours exceeding
those offered by passive compliance can be achieved.
Therefore the selectionof passiveor active compliance
must be carefully investigated taking into account the
ϐinal aim of the whole robot.

Ways of introducing compliance
into robotic feet

active

actively powered
joints

passive

compliant
materials

spring-damper
systems

Fig. 1. Introducing compliance into roboƟc feet

Passive compliant elements used in the robotic feet
can be considered as an equivalent of the foot arch
(Fig. 2) which decreases the body impacts in human
gait.

Fig. 2. Human foot arch acƟng as an impacts damper

Togetherwithpositional adjustment, foot arch assures
the low-impact contact with the ground, it also sup-
ports take-off impulse on the beginning of the transfer
phase [5].

There is the research [1], [13], [14] on compliant
structures conducted by our group. Simple model of
the foot with one spring located near to the ankle joint
was proposed and applied in small humanoid (Fig. 3).
Conducted by us theoretical and experimental studies
conϐirmed that the proposed simple compliant struc-
ture improves the postural stability. Applied structure
absorbed the landing impact however, because of the
lack of frontal compliance, take-off impulse was not
achieved. Applied only one spring was offering only
the planar compliance (human foot arch due to the
foot width is a 3 dimensional system). Such limitation
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motivatedus to the studies on thenewconcept of com-
pliant foot introduced in this paper.

Fig. 3. First version of compliant foot and the robot
where it was applied

2. Foot Model
Developing the foot we considered its future ap-

plication. The biped in which the feet will be used is
small and lightweight. The robot was designed in such
way that the moments powering the legs in transfer
are possibly small. It was assumed that not all degrees
of freedom will be actuated. Actuators add unneces-
sary weight to the robot’s lower extremities what re-
sults in increasing the actuating moments demands.
This is especially critical for not powering the robot
displacement leg transfer phase. It was the additional
motivation for using passive spring-damper systems
in our robot’s feet. As it was mentioned, our previ-
ous research [14] conϐirmed that passive compliance
improves the postural stability. New concept of the
robotic foot exploits the advantages of the previous
structure.

New foot model is made of two stiff layers with
four compliant elements between them (Fig. 4). The
elements are located in four vertices of the rectangu-
lar frame and each of them consists of a spring and
damper. Their properties are described by the well
known formula:

cj żj + kjzj = Fj (1)
where cj is the damping factor of the j-th compliant
element (j = A, B, C , D), kj stands for the spring
stiffness of j-th element, Fj is a part of the force ap-
plied on the j-th element, z means compression. It
must be noted that every element can have different
stiffness or different damping. Dimensions of the foot
were chosen with accordance to anthropometric data
of the typical adult man, that means – the foot length
0.30 m, and width 0.10 m. The system was analyzed
for constant orientation of the foot (the whole sole is
touching the ground – full support phase). The compli-
ant element acts only along the z-axis direction which

(a)

(b)

(c)

Fig. 4. Concept of the robot foot

is perpendicular to the ground. System is attached to
the ankle joint like a human foot. Distortion of compli-
ant elements inϐluences the body posture – compliant
elements are compressed due to the acting forces. As
it will be explained in the next section, such changes
are inϐluencing the postural stability.

AddiƟonal condiƟons Considered system is statically
undetermined so to analyze its properties the addi-
tional conditions must be introduced. In our case they
result from axial symmetry of the foot – the point O
(point where the ankle joint is located, Fig. 5) lies in
the middle of rectangular foot frame.

The total vertical forceF (F =
∑

i miz̈i+
∑

i mig,
where g is gravitational constant and mi is the mass
of i-th segment of the body – see section 3) applied to
ZMP point P ′ is equilibrated by the reaction force Fr

(Fr = −F ). Force F can be distributed to FA, FB , FC ,
FD – four components acting to the foot edges (see
Fig. 5). Those forces produce compressions of foot’s
compliant elements. Such compressions, if different,
produces the sway of the foot upper layer (Fig. 5),
what results in the sway of overall body. Such change
of posture affects the position of ZMP (section 3, Eq.
(13a),(13b)). Therefore, for postural analysis FA, FB ,
FC and FD must be known. The virtual works princi-
ple was applied to evaluate those forces.
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Fig. 5. SchemaƟc view of the foot

Virtual works principle The principle of virtualworks
[9] is based on energy balance of mechanical system.
Net change of internal energy (δL) caused by small
displacement have to be equal to the difference be-
tween work output and input (δW = Wout − Win)
to this system.

When system is in equilibrium under given forces
and an arbitrary small displacement δr occurs, the net
change in internal energy δLwill equal thework (δW )
done on the system: δL = δW . Virtual work (δW )
is the one that is generated by the virtual force F(v)
acting on appropriate virtual displacement δr. Virtual
work is a scalar value,measured inwork/energyunits:

δW = F(v) · δr = δL (2)

Virtual work of a system consisting of n force-
displacement components is expressed by:

δW =
n∑

k=1

F(v)k · δrk (3)

Determining the forces One of many practical appli-
cations of the virtual works principle is obtaining re-
action forces in beams. To use this method, foot model
was simpliϐied to the set of two beams (Fig. 4c): one
beam considered in xz-plane supported in points 1
and 3 (Fig. 6a) and second beam considered in yz-
plane supported in points 2 and 4 (Fig. 6b). Such sim-
pliϐication allows us to determine forces in points 1, 2,
3 and 4 using virtual works principle. With F1, F2, F3

andF4 known,FA,FB ,FC andFD forces can be easily
obtained.

Beam shown in Fig. 7 is released in point 3. Then,
according to the Virtual Works Principle, small dis-
placement occurs in this point. There are two forces:F
– total vertical force, andR3 = −F3 (Fig. 7) – reaction
force applied topoint 3, and twodisplacements: δp and
δr3 respectively. Force F can appear on two sides of
the point O (Fig. 7). In considered system forces act
only along z-axis.

(a) (b)

Fig. 6. Foot model considered as two beams

Fig. 7. Beam released in point 3. DoƩed lines illustrate
that the force F can be applied to any point on the
beam

In our case Eq. (3) takes the form:

R3δr3 − Fδp = −F3δr3 − Fδp = δL = 0 (4)

The system is in balance so the net energy change is
zero δL = 0. In Eq. (4) force F is known.

Considered system has 1 degree of freedom. φ is
our generalized variable. As it was mentioned before,
principle of virtual works assumes small displace-
ments, what means that sin(δφ) = δφ. We obtain:

δr3 = dx sin (δφ) (5a)

δr3 = dxδφ (5b)

and:

δp =

(
dx
2
± dx

ZMP

)
δφ (6)

The distance frompointO to the pointwhere force
F is applied is denoted by dxZMP and as it was men-
tioned can be located on both sides of the point O.
Centre of footprint is located in distance 1

2dx from the
point 1 (Fig. 8). So force F acts in distance 1

2dx ±
dx

ZMP from the point 1.
Substituting Eq. (5b) and Eq. (6) into Eq. (4) and rear-
ranging the terms we get:

(
−F3dx − F

(
dx
2
± dx

ZMP

))
δφ = 0 (7)

70



Journal of Automation, Mobile Robotics & Intelligent Systems VOLUME 9, N◦ 1 2015

Fig. 8. Distances dependencies: dx, dxZMP

When the system is in balance, generalized force by
which δφ is multiplied in Eq. (7) is equal to zero:(

−F3dx − F

(
dx
2
± dx

ZMP

))
= 0 (8)

Using Eq. (8) F3 can be directly evaluated:

F3 = − F

dx

(
dx
2
± dx

ZMP

)
(9)

Analogical procedure is applied in all other cases and
F1, F2 and F4 are obtained:

F1 = − F

dx

(
dx
2
∓ dx

ZMP

)
(10a)

F2 = − F

dy

(
dy
2
± dy

ZMP

)
(10b)

F4 = − F

dy

(
dy
2
∓ dy

ZMP

)
(10c)

Nowwehave four forcesF1,F2,F3 andF4 acting in
four midpoints (points: 1, 2, 3 and 4) of the foot edges,
but we need four forces FA, FB , FC and FD acting in
four foot vertices (points: A, B, C ,D). Assumption of
foot axial symmetry allows us to derive FA, FB , FC

and FD . Points 1, 2, 3 and 4 are midpoints, so the dis-
tances to the appropriate neighbour points A, B, C ,
andD are always the same: half of the foot dimensions
( 12dx or 1

2dy) (see Fig. 4c). Due to above, we can as-
sume symmetrical distribution of calculated forces Fi

(i = 1, 2, 3, 4) to the verticesA,B, C andD.

Fig. 9. SchemaƟc illustraƟon of forces distribuƟon

For example, there is forceF2 in point 2.We assign 1
2F2

for pointB point and the same forC . As it can be seen

in Fig. 9 we have 2 forces acting to each vertex, so to
ϐind the whole force acting on it we apply:

FA =
1

2
F1 +

1

2
F4 =

1

2
(F1 + F4) (11a)

FB =
1

2
F1 +

1

2
F2 =

1

2
(F1 + F2) (11b)

FC =
1

2
F2 +

1

2
F3 =

1

2
(F2 + F3) (11c)

FD =
1

2
F3 +

1

2
F4 =

1

2
(F3 + F4) (11d)

3. Gait Stability – ZMP Method
The problem of stability criterion for two-legged

locomotion was in focus of attention for a long time.
In 1968 Vukobratovic introduced the breakthrough
method [11] called Zero Moment Point method. The
method is commonly used in theoretical studies and
in practical applications. In this method Zero Moment
Point indicating if the posture is stable in single sup-
port phase is calculated using relations formulated
by Vukobratovic or it is obtained in real-time (during
walking) based on the measurements.

When evaluating Zero Moment Point it is assumed
that distributed masses of body segments are repre-
sented by properly located point masses. For postu-
ral stability during single-support phase it is required
that all moments due to the motion dynamics of point
masses are equilibrated by the moment due to the re-
action force. Therefore, in stable posture, the applica-
tion point (ZMP point) of reaction force obtained us-
ing torques equilibrium condition must stay inside of
robot’s footprint. The equilibrium condition is consid-
ered towards the axes of reference frame attached to
the ankle joint (point O). Fig. 10 illustrates the ZMP
concept described by Eq. (12):

∑
i

(ri × Fi) + Iiω̇i + ωi × Iiωi = −rP × Fr (12)

here ri is the position vector ofmi mass and Fi is the
force generated by thismass, Ii is the inertiamatrix,ωi

is the angular velocity, rP is the vector from pointO to
P (ZMP point) – the application point of Fr – the reac-
tion force. Its coordinates are easily derived by rear-
ranging theMx andMy (Fig. 10) torques equilibrium
conditions [15]:

Xzmp =

∑
i[xi(miz̈i +mi · g)]−

∑
i(zi ·miẍi)∑

i(miz̈i +mig)
(13a)

Yzmp =

∑
i[yi(miz̈i +mi · g)]−

∑
i(zi ·miÿi)∑

i(miz̈i +mig)
(13b)
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Fig. 10. Idea of Zero Moment Pointmethod

Fig. 11. Robot model

In Eq. (13) xi, yi and zi represent coordinates of i-th
mass, while second derivatives of those coordinates
ẍ, ÿ, and z̈ are accelerations. As it is commonly ap-
plied, in Eq. (13a) and (13b) some very small but dif-
ϐicult for calculations terms are neglected. By analyz-
ing the ZMP trajectory during support phase we can
determine whether the robot’s posture is stable or
not. Mentioned omission of small components in Eq.
(13) results in the requirement that theZMP trajectory
must be located inside the foot-print keeping some
distance from the foot boundary.

Investigating the properties of proposed compli-
ant foot we considered human bodymodel taken from
[14] illustrated in Fig. 11. This is the model of 50-
centile adult man 1.75m tall with 75kg bodymass. The
body segments (legs and torso) are represented by the
point masses located in segments’ center of gravity.
All the necessary dimensions andmasses are shown in
Fig. 11. The model is three-dimensional, the torso can
move not only along thewalking direction but also can
incline to the sides as it is a feature of human locomo-
tion. Considered in our investigations legs’ movement
(gait pattern) was planar matching the data recorded
by human motion tracking system. It must be empha-
sized that reference to anthropometric data allowed
us to compare theobtained results to the results of real
human gait. Considered simpliϐied model of the body
matches well the robot body build in which the inves-

tigated feet will be applied.

4. Gait PaƩern
Recorded by us [13] gait pattern was used. Gait

was recorded for slowwalk of a typical 50-centileman
(1.75m tall) usingVICONsystem.This systemallows to
capture the motion in one plane applying the markers
as it is shown in Fig. 12.

Fig. 12. Student prepared for gait recording, markers
are the white points

In Fig. 13 recorded gait pattern is presented. There
are four angular trajectories, angles are positive when
the body segment is before the vertical line and ana-
logically negative when the body segment is after the
vertical line which is attached to the adequate joint
(see Fig. 13).

5. Tests and Results
Recorded during experiments trajectories where

applied as the motion pattern of considered human
body model. Point masses accelerations and positions
together with overall reaction force were obtained
based on recorded trajectories and then ZMP trajec-
tory (Eq. (13)) was calculated. The total vertical force
F generated by the robot’s body, as mentioned before,
is distributed into four forces acting on the foot’s ver-
tices. These forcesproduce compressions of compliant
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Fig. 13. Gait paƩern used in our consideraƟons.

elements. These compressions affect postural stability
and the trajectory of ZMP aswell. Compressions zj are
calculated using Eq. (1) and forces Fj (j =A,B,C ,D)
are calculated according to Eq. (11).

Results presented in this paper (Fig. 14) concern
the single-support phase of a right leg (results for the
left leg are analogical). The ZMP trajectory obtained
for the model with rigid feet was considered as the
reference. The ZMP trajectories for the compliant feet
with different compliance and stiffnesswere analyzed.
Their comparison to reference trajectory answered
the question if compliance improves the body stability.
Comparative study of the ZMP trajectories obtained
for different stiffness and damping indicated what set
of parameters is the most appropriate.

During preliminary studies for a stiff leg, the ZMP
trajectory exceeded the area of the footprint. It meant
that the compensatorymovements of upperpart of the
body were needed as it is in human walking. During
human gait torso sways to sides (left, right) up to 8o

to each side. Our three dimensional model allowed us
to introduce such movement, so it was added. Such
motion is also commonly applied in humanoids [3].
With swaying torso in this range, the ZMP trajectory
went inside the footprint so the postural stability was
achieved. Then the compliant foot model was applied
and it was noticed that the compensatory trunkmove-
ments should be decreased – the required range of
sway was small (in range of 3o to each side). Such re-
sult conϐirmed that the passive compliant elements in
the feet are substituting actively powered swaying of
the trunk.

According to the diagrams (Fig. 14) in both cases
(stiff leg, compliant leg) the y coordinate (across the
foot) of ZMP decreases fast on the beginning of the
single-support phase – the ZMPmoves fromouter side
of the footprint towards the center, to the line cross-
ing the projection of the ankle joint (point with y =
0). In this fragment of support phase the ZMP is in
the rear towards the ankle (x coordinate is negative).
Later the ZMPdoes notmovesmuch to the side of foot-
print (y is almost constant) but displaces to the front

(a)

(b)

Fig. 14. ZMP trajectories for different parameters of
compliant elements. For the comparison the ZMP
trajectory recorded during human walking is shown.
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(a) (b)

Fig. 15. Prototype of small biped

(x coordinate increases). Comparing the ZMP trajec-
tories for rigid and compliant foot it can be noticed
that with compliance the ϐirst part of ZMP trajectory
is smoother and the trajectory is shifted more to the
front in the ϐirst phase of support (x coordinate is a
bit bigger). It means that the ZMP for the compliant
foot is located further from the rear end of the foot-
print what is very desirable: postural stabilization is
better because the whole system can comply with big-
ger disturbances.

Comparison between ZMP trajectories for compli-
ant foot with different parameters indicated that bet-
ter correction is achieved with higher values of spring
stiffness (Fig. 14).

6. Small Biped
As it was mentioned, the research on foot compli-

ance has in aim its application in our prototype shown
in Fig. 15, [10]. It was decided to imitate human joints
with biggest motion ranges, what results in robot’s 12
degrees of freedom (two in the ankle joint, one in the
knee and three in each hip). This well mirrors the hu-
man body properties, thereby anthropometry of this
robot was achieved. Main axes of the hip joint are lo-
cated in such way that they intersects in one point,
what is exactly the feature of a human hip joint (Fig.
16).

In the legs the motion from the actuators is trans-
mitted to the joints using parallel structures. Those
structures supports the legs mass reduction allowing
to locate the actuators closely to the trunk. It decreases
the energy needed for legs transfer. Feet are change-
able using simple ϐixing mechanism located in the an-
kle joint. The foot mounting is shown in Fig. 17. It al-
lows easily attach any new foot for testing.

7. Conclusions
Presented approach will be used for compliant

feet design and for robot motion synthesis. Our ϐinal
aim is to deliver the methods for the design of small,
lightweight autonomous bipeds. Such constructions
must be simple and with the lightweight feet what is
important for energy savings.

Fig. 16. Robot and human hip joints

Fig. 17. IllustraƟon of the foot mounƟng

It must be also noted that with more centered lo-
calization of ZMP trajectory obtained with compliant
foot the robot can comply with bigger external distur-
bances without loosing the postural stability, there-
fore the proper adjustment of such trajectory is crucial
for the gaits over undulating surfaces.

Selection of parameters describing compliant ele-
ments must be carefully performed. The wrong choice
can bring either no effect or can cause problems with
robot’s postural stabilization. The active range of the
spring used in compliant elements must be taken into
consideration. If the spring is more stiff, the trajectory
of ZMP in compliant system is more similar to the tra-
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jectory for the rigid foot. When decreasing the stiff-
ness the compressions of the elements are bigger – the
body swaysmore what can ϐinally result in loosing the
postural stability.

Needed for postural stabilization trunk move-
mentswere replaced by thework of passive compliant
elements in the feet (Fig. 18). It is a big advantage be-
cause it simpliϐies the mechanical design and control
strategy decreasing the amount of control signals and
motion transmission systems through smaller num-
ber of needed actuators.

Fig. 18. Compliant feet subsƟtute the compensatory
trunk movements
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