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Abstract:
In this paper a model of the dynamics of four-rotor fly-
ing robot is described in details. Control design must be
preceded by the modeling and subsequent analysis of
the robot behavior in simulator. It is therefore necessary
to develop the mathemaƟcal model as accurate as it is
possible. The paper contains a detailed derivaƟon of the
mathemaƟcal model in the context of physics laws affect-
ing the quadrocopter. The novelty of presented notaƟon
is an extenƟon of Coriolis forces in linear acceleraƟon and
the gyroscopic effect on angular acceleraƟon. In the vali-
daƟon phase, the mathemaƟcal model was verified with
the use of proposed control algorithms. SimulaƟon stud-
ies have demonstrated the adequacy of aMATLABmodel
to properly reflect the real quadrocopter dynamics. This
would allow for its use in the simulator and aŌerwards
to implement and verify of control laws on the real four-
rotor flying robot.

Keywords:unmannedaerial vehicle (UAV), quadrocopter,
modeling, mathemaƟcal model

1. IntroducƟon
Understanding and control at the acceptable level

of physical processes is possible due to proper mod-
eling. By bringing together all the essential process
features against the background of non-essential ones
and the use of mathematics as well as computer, it
is possible to build simulators to evaluate the more
complex system properties such as dynamics. In the
modeling phase of engineering work, in addition to
the added value which is a new model and a possi-
bility of acquiring a new knowledge through experi-
menting with it, modeling allows also for large sav-
ings on experiments costs. Studies on the model are
repeatable and time-saving. They allow also for the
introduction of certain extra conditions to be simu-
lated. Finally, the results of simulation studies, which
are normally available before the experiment, may
be more easily established, described, and archived.
To develop efϐicient and rapid control algorithms for
unmanned ϐlying vehicles having complex structure,
good quality mathematical models, which reliably re-
ϐlect the dynamics of these vehicles, are needed. In
this article authors focused their attention on selected,
four-rotor ϐlying robot - called quadrocopter, which
for the correct operation requires an appropriate con-
trol strategy. Naturally, proper control may be devel-
oped by experimental tests - on the real object, or
by the use of simulator - which is a dedicated com-

puter program. The ϐirst approach (physical model-
ing) is expensive and it is associated with tests car-
ried out directly on the system hardware. The second
way to its use requires an availability of themathemat-
ical model. There are already many dynamics models
focused on the four-rotor ϐlying robot. They differ in
the complexity and the level of the adopted simpli-
ϐications. It is important that quadrocopter is a non-
linear dynamical object with multiple inputs and out-
puts. It is inherently unstable and its parameters are
non-stationary in time. Of course, it would be bene-
ϐicial to know all the necessary physical parameters
of the quadrocopter’s elements a priori [2], but with-
out a wind tunnel experiment - it is impossible to di-
rectly evaluate quadrocopter’s geometry, dynamics of
its propellers, or other relevant aerodynamic parame-
ters. The particular literature studies [4] let to draw
the following conclusion: ”To overcome the inϐlexi-
bility of the complex models, the National Aeronau-
tics and Space Administration (NASA) has developed a
so-calledMinimum-Complexity Helicopter Simulation
MathModel (MCHSMM) [3],which is amathmodel de-
pending only on the basic data sources with the inten-
tion of low cost real-time simulation possibilities (...).
One of the additional beneϐits from a MCHSMM, is the
potential for a more clear understanding of the heli-
copter and its dynamics in general.” On the basis of
MCHSMM, in further works, e.g. [4] there was a strive
to develop methods for robust and optimal control of
a robot based on this model. However, in the opinion
of authors of this paper, too far-reaching simpliϐica-
tions narrow the spectrum of control methods used.
While the robust control in its idea compensatesmod-
eling errors and guarantees stability [11], such a con-
trol is not optimal, which is not without the signiϐi-
cance from the perspective of energy expenditure (as
robot batteries allow up to tens of minutes of ϐlight).
On the other hand most often optimal control is as-
sociated with considerable amount of computing [8],
which makes it difϐicult to perform the relevant real-
time calculations in the case of robot’s on-board con-
trol unit. Thus it would be preferable to use the adap-
tive control methods [8], among which efϐicient meth-
ods of low computational complexity are available.
Therefore, authors postulated a compromise, i.e. to
create a mathematical model of the certain simpliϐied
robot structure (solid body), but taking into account
all relevant physical phenomena, which the robot is
subjected to, andwhich are often not included in other
commonly used models, such as introduction of rela-
tionship describing the linear accelerationdue to Cori-
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olis and angular acceleration due to the gyroscopic ef-
fect. In this way, this article is a supplement to previ-
ous approaches [10], [6], contributing to more faith-
fully reϐlect the dynamics of the robot.

2. Quadrocopter – Physical Object
Quadrocopters differ in technical details, but have

one common feature: the design of a system is based
on four rotors powered by DC motors and supplied
by battery (Fig. 1). The layout of the quadrocopter is
discussed in details in [5]. The use of such a struc-
ture reduces the instrumentation costs by eliminating
a variable rotor blades compared to the classic solu-
tion used in helicopters. In this way an increased sta-
bility and a relatively large capacity of the ϐlying robot
can be achieved.
The robot’s avionics consists of the followingon-board
sensors: inertial measurement unit (IMU) - used for
the stabilization of the robot’s position and orienta-
tion, an altimeter for the height stabilization, a ther-
mometer and a power consumption meter [5]. The
IMUcontains three gyroscopes and triaxial accelerom-
eter. This sensor communicates with on board proces-
sor via the SPI bus. Gyroscopes are used to determine
the orientation of the robot in space (relative to the
base). The accelerometers are used to reset the gyro
drift.
In quadrocopters, currently powertrain consisting of
a speed controller, brushless motor and propeller, are
mostly used. Their task is to generate a lift force and
appropriate power steering. These are essential fea-
tures from the perspective of robot motion control.
The propeller used in each unit is responsible for the
generation of the lift force and it is rotating in one di-
rection, which is due to a constant pitch of the blade.
For this reason, the controller is used only tomodulate
its speed, and it is not responsible for the direction of
the propeller rotation.

Fig. 1. Quadrocopter Hornet

3. MathemaƟcal Model – Reference Frames
During mathematical modeling (for the general

quadrocopter’s geometric model form Figure 4), the
physical parameters are described in three different
reference systems (or with respect to these systems),
i.e. the Earth system (𝐸𝐹), the robot system (local-𝐵𝐹)
and auxiliary system (𝑆𝐹). The relationship between

Fig. 2. Quadrocopter’s geometric model

Fig. 3. Reference systems

𝐸𝐹, 𝐵𝐹 and 𝑆𝐹 are shown in Figure 3. System 𝑆𝐹 is a
virtual system whose aim is to adjust the orientation
of the global 𝐸𝐹 system to the local 𝐵𝐹 system. In the
notation of the mathematical model all physical quan-
tities except the Euler angles are expressed in the local
coordinate system 𝐵𝐹. Euler angles are the angles be-
tween the 𝐵𝐹 and 𝑆𝐹 (or 𝐸𝐹) frame.

4. MathemaƟcal Model, EquaƟons
4.1. Euler angles

Euler angles deϐine the orientation of the robot’s
frame (𝐵𝐹 system) relative to the global system - the
Earth 𝐸𝐹 [9]. During the following calculations we
will apply the standard rotationmatrices (transforma-
tions): matrix of rotation in the axis 𝑋 about angle 𝜙:

𝐶௑(𝜙) = ቎
1 0 0
0 𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜙
0 −𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙

቏ , (1)

matrix of rotation in the axis 𝑌 about angle 𝜃:

𝐶௒(𝜃) = ቎
𝑐𝑜𝑠𝜃 0 −𝑠𝑖𝑛𝜃
0 1 0

𝑠𝑖𝑛𝜃 0 𝑐𝑜𝑠𝜃
቏ (2)

and matrix of rotation in the axis 𝑍 about angle 𝜓:
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𝐶௓(𝜓) = ቎
𝑐𝑜𝑠𝜓 𝑠𝑖𝑛𝜓 0
−𝑠𝑖𝑛𝜓 𝑐𝑜𝑠𝜓 0
0 0 1

቏ . (3)

While determining the transformationmatrix, that
allows to translate the system 𝑆𝐹 to 𝐵𝐹, authors fol-
low the principle of rotation sequence ”3-2-1” [7]. This
sequence assumes that during rotations the following
steps are performed:
- Rotation Yaw; about angle𝜓 in the axis 𝑍 of the local
coordinate system (𝐵𝐹)

- Rotation Pitch; about angle 𝜃 in the axis 𝑌 of the new
local coordinate system (𝐵𝐹ᇱ)

- Rotation Roll; about angle 𝜙 in the axis 𝑋 of the new
local coordinate system (𝐵𝐹”)

Under this assumption and taking into account the
matrices: (1), (2), (3), the total transformation matrix
form the 𝑆𝐹 to the 𝐵𝐹 systemmay be written:

𝑅ௌ஻(Θ) = 𝐶௑(𝜙) ⋅ 𝐶௒(𝜃) ⋅ 𝐶௓(𝜓) = (4)

቎
𝑐𝜃𝑐𝜓 𝑐𝜃𝑠𝜓 −𝑠𝜃

𝑠𝜙𝑠𝜃𝑐𝜓 − 𝑐𝜙𝑠𝜓 𝑠𝜙𝑠𝜃𝑠𝜓 + 𝑐𝜙𝑐𝜓 𝑠𝜙𝑐𝜃
𝑐𝜙𝑠𝜃𝑐𝜓 + 𝑠𝜙𝑠𝜓 𝑐𝜙𝑠𝜃𝑠𝜓 − 𝑠𝜙𝑐𝜓 𝑐𝜙𝑐𝜃

቏ , (5)

where 𝑠 and 𝑐 stands for 𝑠𝑖𝑛 and 𝑐𝑜𝑠 respectively.
In the next step, knowledge about the transforma-

tion from 𝐵𝐹 to the 𝑆𝐹 (𝑅஻ௌ (Θ)) is required, therefore
the inverse of the matrix 𝑅ௌ஻(Θ) must be calculated.
However, this is an orthonormal matrix, so its inverse
is equal to the transpose of this matrix:

𝑅஻ௌ (Θ) = (𝑅ௌ஻(Θ))ିଵ = (𝑅ௌ஻(Θ))் (6)

Hence:
𝑅஻ௌ (Θ) = (7)

቎
𝑐𝜃𝑐𝜓 𝑠𝜙𝑠𝜃𝑐𝜓 − 𝑐𝜙𝑠𝜓 𝑐𝜙𝑠𝜃𝑐𝜓 + 𝑠𝜙𝑠𝜓
𝑐𝜃𝑠𝜓 𝑠𝜙𝑠𝜃𝑠𝜓 + 𝑐𝜙𝑐𝜓 𝑐𝜙𝑠𝜃𝑠𝜓 − 𝑠𝜙𝑐𝜓
−𝑠𝜃 𝑠𝜙𝑐𝜃 𝑐𝜙𝑐𝜃

቏ (8)

In the notation above aswell as in (5) vectorΘ consists
of Euler angles:

Θ = ቎
𝜙
𝜃
𝜓

቏ (9)

In the further part of this work, the vector of Euler an-
gles will be used for the purpose of deϐining the trans-
formation matrices.
4.2. Angular velociƟes

In the ϐirst point of the description of the math-
ematical model (Section 4.1), the model assumption
and a description of Euler’s notation (Chapter 3) have
been presented. Euler angles also constitutes the base
for the notation of angular velocities of the quadroro-
tor. The Euler rates (vector Θ̇) are projections of the
robot’s angular velocities (in the local coordinate sys-
tem 𝐵𝐹) onto the axes of the 𝑆𝐹 coordinate system.
This is an alternative notation in relation to the no-
tation in the system 𝐵𝐹 (vector Ω). This calculation is
necessary, because measurements are performed by

gyroscopes, which refer to the robot’s frame. Thus, in
order to calculate the frequency of Euler’s speed (Eu-
ler rates) projection of the system 𝐵𝐹 (Ω) on axes of
the 𝑆𝐹 coordinate systemmust bemade. Algorithm for
theEuler rates calculationhas beendeϐinedby [9]. The
ϐirst step is the theoretical calculation of the angular
velocity in the local coordinate system:

Ω = ቎
𝜔௫
𝜔௬
𝜔௭

቏ = (10)

቎
𝜙̇
0
0
቏ + 𝐶௑(𝜙) ቎

0
𝜃̇
0
቏ + 𝐶௑(𝜙)𝐶௒(𝜃) ቎

0
0
𝜓̇

቏ , (11)

which may be written in a matrix form:

Ω = 𝑃ௌ஻ ⋅ Θ̇, (12)

where:

𝑃ௌ஻ = ቎
1 0 −𝑠𝑖𝑛𝜃
0 𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃
0 −𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜃

቏ (13)

The next step is to calculate the inverse of the matrix
𝑃ௌ஻:

𝑃஻ௌ = (𝑃ௌ஻)ିଵ = ቎
1 𝑠𝑖𝑛𝜙𝑡𝑔𝜃 𝑐𝑜𝑠𝜙𝑡𝑔𝜃
0 𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
0 ௦௜௡థ

௖௢௦ఏ)
௖௢௦థ
௖௢௦ఏ

቏ (14)

Finally, having already 𝑃஻ௌ matrix, which depends on
the angular speed of the local coordinate system, Euler
rates may be deϐined:

Θ̇ = 𝑃஻ௌ ⋅ Ω (15)

4.3. Angular acceleraƟon

One of the simpliϐications is the assumption of
robot’s structure perfect stiffness. On the basis of this
simpliϐication, the description of angular acceleration
of the robot may be determined in the same way as
for the rigid body in space. Mathematical description
for this effect is possible thanks to Euler equation of
a rigid body motion [1]. The general form of the Euler
equation may be deϐined as:

𝑑𝐿
𝑑𝑡 + Ω × 𝐿 = 𝜏, (16)

where:
𝐿 - angular momentum vector
𝜏 - vector of input torques
Ω - vector of angular velocity

For a rigid body is also true that:

𝐿 = 𝐼 ⋅ Ω, (17)

where 𝐼 is the matrix of inertia moments of an object
[7]:

𝐼 = ቎
𝐼௑ 0 0
0 𝐼௒ 0
0 0 𝐼௓

቏ (18)
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Substituting (17) to (16) (assuming the constancy of
inertia moment) following equation may be obtained:

𝜏 = 𝐼 ⋅ Ω̇ + Ω × (𝐼 ⋅ Ω) (19)
This equation, however, due to the gyroscopic effect
caused by the motors and rotors, must be modiϐied.
Gyroscopic effect is described by the basic equation of
the gyroscope:

𝜏௚௬௥௢ = Ω௣ × 𝐿௣, (20)

where:
𝐿௣ – vector of angular momentum of rotors
𝜏௚௬௥௢ – vector of input torques
Ω௣ – precession angular velocity vector

The effect of gyroscopic precession motion mani-
fests itself on the object, which is equipped with a ro-
tating mass. It is therefore true that:

Ω௣ = Ω, (21)

where: Ω is the angular velocity vector of the robot in
the local coordinate system 𝐵𝐹.
Angular momentum vector is formed by multiplying
the moment of inertia of the rotor (𝐼௪) by the rotor’s
angular velocity about the axis where the rotation oc-
curs (Ω௪):

𝐿௣ = 𝐼௪ ⋅ Ω௪ = ቎
𝐼௪ ⋅ 𝜔௪௫
𝐼௪ ⋅ 𝜔௪௬
𝐼௪ ⋅ 𝜔௪௭

቏ = (22)

቎
0
0

𝐼௪ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)
቏ (23)

It must be noted that the rotor angular velocity vector
(Ω௪) contains zeros for the components in the axes
of 𝑋, 𝑌 and the sum of the rotor angular velocity 𝜔௜
(where 𝑖 varies in the range of < 1, 4 >) in 𝑍-axis.
This is because rotors axes are parallel to the 𝑍 axis
in the 𝐵𝐹 system, which is valid in this description of
gyroscopic effect.

Knowing the 𝐿௣ and Ω௣, equation (20) may be
expanded:

𝜏௚௬௥௢ = ቎
𝜔௫
𝜔௬
𝜔௭

቏ × ቎
0
0

𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)
቏ =

(24)

቎
𝜔௬𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)
−𝜔௫𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)

0
቏ (25)

With the ϐinal form of gyroscopic torques vector, Eu-
ler’s equation for the object (16) may be upgraded:

𝜏 = 𝐼 ⋅ Ω̇ + Ω × (𝐼 ⋅ Ω) + 𝜏௚௬௥௢ (26)

In this equation the resulting quantity is the angular
acceleration, so after transformations it may be writ-
ten:

Ω̇ = 𝐼ିଵ(𝜏 − Ω × (𝐼 ⋅ Ω) − 𝜏௚௬௥௢), (27)

which, after total multiplication of all components,
leads to the form:

Ω̇ = ൦
ଵ
ூ೉ (𝜏௫ − 𝜔௬𝜔௭(𝐼௭ − 𝐼௬))
ଵ
ூೊ (𝜏௬ − 𝜔௫𝜔௭(𝐼௫ − 𝐼௭))
ଵ
ூೋ (𝜏௭ − 𝜔௫𝜔௬(𝐼௬ − 𝐼௫))

൪+ (28)

+቎
−𝜔௬𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))
−𝜔௫𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))

0
቏ (29)

4.4. Linear acceleraƟon

Similar to the case of angular accelerations, linear
accelerations are also calculated in the local coordi-
nate system BF. This is because all forces and torques
operate in the local coordinate system - directly on the
robot.
The general form of the equation for linear accelera-
tion may be written in the form of the second law of
dynamics:

𝑚𝑎 = 𝐹 − 𝐹௚ − 𝐹௖௢ − 𝐹௖௪ , (30)

where:
𝑚 - total mass of the robot,
𝑎 - accelerations vector of the robot,
𝐹 - active force vector in the local coordinate system,
𝐹௚ - gravitational forces vector in local coordinate sys-
tem,
𝐹௖௢ - Coriolis forces vector due to rotations of the en-
tire robot,
𝐹௖௪ - Coriolis forces vector due to rotors rotations of
the robot,
As may be seen above, this equation consists of a con-
straint, which is the active force decreased by the grav-
itational force and the Coriolis force.
The ϐirst of Coriolis forces results from the rotation of
the entire robot:

𝐹௖௢ = 2𝑚 ⋅ Ω × 𝑣 = 2𝑚 ⋅ ቎
𝑣௭𝜔௬ − 𝑣௬𝜔௭
𝑣௫𝜔௭ − 𝑣௭𝜔௫
𝑣௬𝜔௫ − 𝑣௫𝜔௬

቏ , (31)

while the second Coriolis force is due to the rotation
of rotors:

𝐹௖௪ = 2𝑚௪ ⋅ Ω௪ × 𝑣 = (32)

2𝑚௪ ⋅ ቎
−𝑣௬ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)
𝑣௫ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)

0
቏ , (33)

where mass of the entire object is equal to 𝑚, while
the mass of propellers and rotors is equal to𝑚௪ .

In equation (30) the force of gravity should also
be explained - it is a projection of force from the
system 𝑆𝐹 to the system 𝐵𝐹:

𝐹௚ = 𝑅ௌ஻(Θ) ⋅ ቎
0
0
𝑔
቏ = ቎

−𝑠𝑖𝑛𝜃𝑚𝑔
𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃𝑚𝑔
𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜃𝑚𝑔

቏ (34)
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Having already all components, the equation (30)may
be expanded to its extended ϐinal form:

𝑎 = 1
𝑚 ቎

𝑓௫
𝑓௬
𝑓௭

቏ − ቎
−𝑔𝑠𝑖𝑛𝜃

𝑔𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃
𝑔𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜃

቏+ (35)

−2 ቎
𝑣௭𝜔௬ − 𝑣௬𝜔௭
𝑣௫𝜔௭ − 𝑣௭𝜔௫
𝑣௬𝜔௫ − 𝑣௫𝜔௬

቏+ (36)

−2𝑚௪
𝑚 ቎

−𝑣௬ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)
𝑣௫ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ)

0
቏ (37)

5. Forces and Forcing Torques
In the mathematical transformations derived

above, two forcing vectors were used, namely the
forces vector 𝐹 and the torques vector 𝜏. However,
these physical quantities were not yet speciϐied. To
do so, the lift force of the quadrocopter must be
determined. This force is equal to the product of the
sum of squared rotors angular velocities and the gain
factor 𝑏.

𝐹 = 𝑏(𝑤ଶ
ଵ +𝑤ଶ

ଶ +𝑤ଶ
ଷ +𝑤ଶ

ସ) (38)
Because this force acts only in the 𝑍 axis direction

Fig. 4. Coordinate systems on the robot

(Figure 4) of the 𝐵𝐹 local system, therefore it may be
written as:

𝐹 = ቎
𝑓௫
𝑓௬
𝑓௭

቏ = ቎
0
0

𝑏(𝜔ଶ
ଵ + 𝜔ଶ

ଶ + 𝜔ଶ
ଷ + 𝜔ଶ

ସ)
቏ (39)

Another issue is the generation of moments of forces,
which arise only in the case of unbalanced rotation
speeds of rotors. That is when the:

(𝑤ଵ +𝑤ଶ +𝑤ଷ +𝑤ସ) ≠ 0 (40)
The equation of generated moments may be written
as:

𝜏 = ቎
𝜏௫
𝜏௬
𝜏௭

቏ = ቎
𝑙 ⋅ 𝑏(𝜔ଶ

ସ − 𝜔ଶ
ଶ)

𝑙 ⋅ 𝑏(𝜔ଶ
ଷ − 𝜔ଶ

ଵ)
𝑑(𝜔ଶ

ଶ + 𝜔ଶ
ସ − 𝜔ଶ

ଵ − 𝜔ଶ
ଷ)

቏ , (41)

where 𝑙 is equal to arm force (length of the quadro-
copter arm), while 𝑑 refers to the reaction torque gain
coefϐicient in the 𝑍 axis direction.

6. The Complete Model
Having the successive elements of model and

forces, one may write a complete model of a ϐlying ob-
ject. The ϐirst part refers to a linear acceleration,which
is deϐined in the 𝐵𝐹 local coordinate system:

𝑎 = ቎
𝑎௫
𝑎௬
𝑎௭

቏ = (42)

቎
𝑔𝑠𝑖𝑛𝜃

−𝑔𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝜃
−𝑔𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝜃

቏ + ቎
−2(𝑣௭𝜔௬ − 𝑣௬𝜔௭)
−2(𝑣௫𝜔௭ − 𝑣௭𝜔௫)
−2(𝑣௬𝜔௫ − 𝑣௫𝜔௬)

቏+ (43)

+቎
2௠ೢ

௠ (𝑣௬ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))
−2௠ೢ

௠ (𝑣௫ ⋅ (𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))
0
቏+ (44)

+቎
0
0

ଵ
௠𝑏(𝜔ଶ

ଵ + 𝜔ଶ
ଶ + 𝜔ଶ

ଷ + 𝜔ଶ
ସ)

቏ (45)

The second part are Euler rates, which will be used in
order to determine changes of robot’s𝐵𝐹 local system
orientation ralative to the auxiliary system 𝑆𝐹:

Θ̇ = ቎
𝜙̇
𝜃̇
𝜓̇

቏ = (46)

቎
𝜔௫ + 𝜔௬𝑠𝑖𝑛𝜙𝑡𝑔𝜃 + 𝜔௭𝑐𝑜𝑠𝜙𝑡𝑔𝜃

𝜔௬𝑐𝑜𝑠𝜙 − 𝜔௭𝑠𝑖𝑛𝜙
𝜔௬

௦௜௡థ
௖௢௦ఏ +𝜔௭

௖௢௦థ
௖௢௦ఏ

቏ (47)

The last part refers directly to angular accelerations:

Ω̇ = ቎
𝜔̇௫
𝜔̇௬
𝜔̇௭

቏ = (48)

൦
ଵ
ூ೉ 𝑙 ⋅ 𝑏(𝜔

ଶ
ସ − 𝜔ଶ

ଶ)
ଵ
ூೊ 𝑙 ⋅ 𝑏(𝜔

ଶ
ଷ − 𝜔ଶ

ଵ)
ଵ
ூೋ𝑑(𝜔

ଶ
ଶ + 𝜔ଶ

ସ − 𝜔ଶ
ଵ − 𝜔ଶ

ଷ)
൪ (49)

൦
− ଵ

ூ೉ (𝜔௬𝜔௭(𝐼௭ − 𝐼௬))
− ଵ

ூೊ (𝜔௫𝜔௭(𝐼௫ − 𝐼௭))
− ଵ

ூೋ (𝜔௫𝜔௬(𝐼௬ − 𝐼௫))
൪ (50)

቎
− ଵ

ூ೉ (𝜔௬𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))
− ଵ

ூೊ (𝜔௫𝐼௪(𝜔ଵ + 𝜔ଶ + 𝜔ଷ + 𝜔ସ))
0

቏ (51)

In this model, both the vector 𝑎 as well as the vector Ω̇
describe the relationships which exist in the local co-
ordinate system𝐵𝐹. Euler rates vector Θ̇ describes the
relationship between systems: 𝐵𝐹 and 𝑆𝐹.

13



Journal of Automation, Mobile Robotics & Intelligent Systems VOLUME 8, N∘ 2 2014

7. The Results of SimulaƟon Tests
The mathematical model of the quadrocopter, de-

scribed above, was implemented in the MATLAB envi-
ronment for testing and to assess the impact of the dy-
namics on the behavior of real four-rotor ϐlying robot.
Simulation tests allowed to verify the ϐlight trajec-
tory of the robot at various control signal levels. The
most important advantage in this case was the abil-
ity to analyze the object stability to the different exter-
nal disturbances, which in the work with a real robot
equipped with several sensors to record ϐlight, in gen-
eral might easily expose him to crash. Implementation
and simulation tests were preceded by the identiϐica-
tion of physical quantities characterizing parameters
of the robot from the Figure 2 in the general model
(42) - (51). According to thenotation (42) - (51), trans-
parency of the model is guaranteed by the knowledge
of: a mass of the propeller-rotor (𝑚௪), total mass of
the robot (𝑚),moment of inertia in X, Y, Z axes (respec-
tively 𝐼௫ , 𝐼௬ , 𝐼௭ , 𝐼௪), aswell as rotor coefϐicients 𝑏 and𝑑
and the arm length 𝑙. For the purpose of further simu-
lations, appropriatemeasurementswere done andnu-
merical values of coefϐicients were obtained:
- total mass of the robot:𝑚 = 2.3 [𝑘𝑔]
- mass of the rotor:𝑚௪ = 0.01 [𝑘𝑔]
- arm length of the robot: 𝑙 = 0.2825 [𝑚]
- moment of inertia in theX axis: 𝐼௫ = 0.0250 [𝑘𝑔⋅𝑚ଶ]
- moment of inertia in theY axis: 𝐼௬ = 0.0230 [𝑘𝑔⋅𝑚ଶ]
- moment of inertia in the Z axis: 𝐼௭ = 0.0475 [𝑘𝑔⋅𝑚ଶ]
- moment of inertia of the rotor: 𝐼௪ = 0.000065 [𝑘𝑔 ⋅
𝑚ଶ]

- coefϐicient: 𝑏 = 0.01149
- coefϐicient: 𝑑 = 0.001
For the quadrocopter mathematical model with pa-
rameters given above, a number of simulations was
undertaken. During analysis and results veriϐication,
particular attention was paid to Euler angles. They
provide themost important information about the be-
havior of the orientation while maneuvering in the air.
This information is key and essential knowledge for
the development of an efϐicient algorithm of quadro-
copter control. For tests purposes of implemented
mathematical robot’s model, authors have proposed
the use of𝑃𝐼𝐷 controllers due to clear, intuitive opera-
tion and simplicity of parameters tuning (with heuris-
ticmethod). Each controller has been dedicated to one
of the Euler angles. For proper settings of the con-
trollers parameters (selected by use of Swarm algo-
rithm), graphs shown in Figures 5, 6, 7, 8 and 9, have
been generated.

In Figures 5, 6 and 7 Euler angles change over
time is presented for the given, external disturbance.
The controller response is directly visible on courses
shown in Figure 8 and 9 - it is noted that every change
of angular velocity begins and ends at the speed of
21 radians/s. This value corresponds to the gener-
ated thrust, which provides the compensation of grav-
ity forces by the drivetrain of a quadrocopter. Figures:
8 and 9 purposely grouped rotors angular velocities

Fig. 5. Euler angle 𝜙 during the simulated flight

Fig. 6. Euler angle 𝜃 during the simulated flight

Fig. 7. Euler angle 𝜓 during the simulated flight

Fig. 8. Angular velociƟes of the robot’s rotors (pair of
rotors no.2 and no.4) associated with the Euler angles

pairs as: 1-3 and 2-4. It should be emphasized that
this grouping, results from quadrocopter’s architec-
ture - each pair of rotors is associated precisely with
one axis in the system coordinates of the robot (𝐵𝐹,
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Fig. 9. Angular velociƟes of the robot’s rotors (pair of
rotors no.1 and no.3) associated with the Euler angles

local coordinate system). The next part of the experi-
ment was to ϐind the differences that may result from
an incomplete physical model. For this purpose, au-
thors removed the gyroscopic effect from the equation
(28). This effect refers only to the axis 𝑋 (angle𝜙) and
is due to the rotation of the entire robot:

𝜏 = −𝜔௬𝜔௭(𝐼௭ − 𝐼௬) (52)
The results are shown in Figures: 10, 11 and 12.

Fig. 10. Euler angle 𝜙 with and without (WGE) the
gyroscopic effect

Fig. 11. Euler angle 𝜃 with and without (WGE) the
gyroscopic effect

Itmaybenoted that the gyroscopic effect is a result
of unbalanced of inertia movements about for axes 𝑍
and 𝑌 (52). As it turns out, this is a very important ef-
fect, which in dynamic situations may strongly inϐlu-
ence the orientation of the robot. The omission of this
effect is therefore unacceptable.

Fig. 12. Euler angle 𝜓 with and without (WGE) the
gyroscopic effect

8. Summary
The ways how to assess the efϐiciency and valida-

tion of the mathematical model in science and engi-
neering aremultiple, but physical forces impose some-
how the use of certain measures of assessment. In
the case of such a complex object as four-rotor ϐlying
robot, a reasonable way to assess the adequacy of its
mathematical model, is to compare responses of both:
real object and model - for the forces set in determin-
istic way. It should be remembered that certain fac-
tors can not be measured and predicted in a real sys-
tem as they have a random character. Also, the same
measurement method may be unreliable, having con-
sequences on the dynamics of the ϐlying robot under
control. Data acquisition system with sensors or on-
board vision system which might be used for exper-
imentation should have to be quick and precise. Such
instrumentation increases signiϐicantly the costs of ex-
periment in the modeling phase. Besides, not all be-
haviors of quadrocopter can be checked on the real
object - as the risk of robot damaging is high (for ex-
ample a rapid set value in control signal). Therefore,
in searching for a compromise, it was decided to use
the mathemathical analysis of Euler angles while con-
sidering the orientation of robot model in the context
of the gravity force. The obtained results conϐirm that
the mathematical model adequately describes the be-
havior of a simulated robot, and allows for its imple-
mentation in the simulator (computer program) re-
ϐlecting the physical aspects of the environment. The
obtained simulation tool enables a better understand-
ing of robot navigation aspects, which can not be di-
rectly tested on a the real robot. Tests in the simula-
tor will be the next step undertaken by the authors in
order to develop and propose further efϐicient control
algorithms of quadrocopter subjected to the external
disturbances (wind, turbulence, air temperature vari-
ation).
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