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Abstract:
Artificial Intelligence algorithms are increasingly applied
to tasks in Natural Language Processing, including doc‐
ument clustering. As these algorithms become increas‐
ingly complex (such as transformer‐based embeddings,
like BERT) and/or are of a “black‐box” nature, such as
Graph Spectral Clustering (GSC) algorithms, the demand
for explaining the results of such algorithms is becom‐
ing increasingly urgent. In this paper, we propose a
model‐aware method to explain the results of GSC in the
context of BERT‐based embeddings. We present a novel
theoretical methodology for explanation, based on the
premise that document similarity in GSC is computed as
cosine similarity of BERT embeddings of documents. We
demonstrate the validity of this methodology by present‐
ing strong GSC clustering results, restoring the human‐
made assignment of hashtags to tweets. We show that
GSC based on BERT embeddings outperforms approaches
using Term Vector Space and GloVe embeddings. There‐
fore, the resulting explanations are also expected to be of
higher quality.

Keywords: Explainable Machine Learning, Natural Lan‐
guage Processing, Graph Spectral Clustering, Document
Embedding versus Explainability, BERT and GloVe and
TVS Embedding

1. Introduction

As noted in [1], accessing textual information has
never been easy in human history. There was a time
when text documents were scarce; today, we face an
overwhelming stream of diverse materials. However,
in each case, creating overviews of document collec‑
tions is vital. For centuries, subject indexing and classi‑
ϐication systems have served this purpose. In the past,
it was possible to prepare a list of categories and then
manually add documents to that list. However, today
there is a growing urgency to automate both tasks.

Although there exist elaborate human‑made cat‑
egory dictionaries for general purposes, specialized
collections of documents require specialized local
methods for splitting the documents into reasonable
groups and labeling them appropriately. The latter
task seems to require the involvement of automated
methodologies.

Clusteringmethodologies and accompanying tech‑
nologies for explaining group membership can prove
to be helpful supporting tools here.

Methods of clustering text documents have already
found numerous applications. They can help uncover
connections between different texts, group them into
“natural” categories, or pinpoint the most relevant
topics in their content and express them in distinct
terms. They are used for rapid information retrieval
and ϐiltering, topic extraction, and automatic docu‑
ment organization.

Clustering requires the development of a similar‑
ity measure between documents. The simplest way
would be to embed the documents in an Euclidean
space and (1) to use the distance between the embed‑
ding points and apply common algorithms, such as 𝑘‑
means [2] for clustering in such a space, or (2) to use,
for example, the cosine similarity between embed‑
ding vectors and then use similarity‑based algorithms
like those of the Graph Spectral Clustering class [3].
Althoughamultitudeof similaritymeasureshavebeen
proposed [4], cosine similarity seems to reϐlect seman‑
tic similarity quite well [5].1 The latter is embraced in
this paper.

Many types of embedding spaces have been devel‑
oped since the very ϐirst proposal of term vector space
(TVS) [6], [7]. Despite its straightforwardness, TVS has
two notable drawbacks: (1) the document is regarded
as a collection (or “bag”) of words, which leads to the
loss of context and the relationships among terms, and
(2) the dimensionality can be as high as dozens of
thousands, even for a moderate‑size collection of sev‑
eral thousand documents. Therefore, new embedding
approaches, such asWord2vec [8], Doc2Vec [9], GloVe
[10], or BERT [11], and many others (see [12–14],
or https://huggingface.co/spaces/mteb/leade
rboard), were developed to accommodate relation‑
ships between terms, and to reduce dimensionality,
although dimensionality can still be high, reaching
hundreds of dimensions.

Fortunately, an embedding space with a small
number of dimensions can be sufϐicient if GSC is used
for clustering.

Usually, we do not need only the clusters of textual
documents but also a characterization of their content
in termsof keywords, for example. The usual approach
to this task was to get the clustering ϐirst, and then to
seek differences/similarities in the word sets related
to each of the clusters. This approach can be termed
the “characterization of clusters.” It identiϐies the fea‑
tures of the obtained clusters but does not explain
why a document belongs to one cluster rather than
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another. Yet often, we want to understand why a doc‑
ument is part of a group and why the algorithm put it
in that group. We shall term this “cluster membership
explanation”. It seems like a simple process if we clus‑
ter the documents directly in the TVS via, e.g., 𝑘‑means
algorithm. This is because the center coordinates of
the clusters showhow important thewords/terms are
for the cluster membership.

However, both when clustering in the modern
embedding spaces, like word2vec, doc2vec, GloVe,
BERTandother transformermethods, andwhenusing
GSC based clustering, we get results that are hard
to explain as the relationship between the embed‑
ding space coordinates and document words/terms
gets lost which is counterproductive with respect to
the librarian’s goal to assign some automated subject
index. For example, in GSC, the clustering process is
completely detached from the words, as only similar‑
ities are used. BERT embedding, on the other hand,
makes the relationship between words and document
embedding completely unrecoverable.

In this paper, wemake an attempt to overcome the
mentioned problems with explainability. We outline a
methodology for the explanation of GSC results per‑
formed in a BERT embedding, whereby cosine simi‑
larity is used as similarity method. Before doing so
in section 4, we ϐirst recall some related work. In
section 2 we provide a brief overview of the method‑
ologies behind BERT embeddings of documents. In
section 3, we present an introduction to GSC method‑
ology. In Section 5we present experiments supporting
the validity of our approach. Section 6 concludes the
paper.

2. BERT Embedding Extractions
BERT (Bidirectional Encoder Representations

from Transformers), available since 2018, is a method
of pretraining language representations of natural
language text modeling [11]. One can either use these
models to extract high‑quality language features
from one’s text data, or one can ϐine‑tune these
models on a speciϐic machine learning (ML) task,
such as classiϐication, entity recognition, or question
answering, based on one’s dataset. There exist
multiple BERT models nowadays, starting with the
so‑called bert-base-uncased, a 110 M parameter
model containing 12 layers (blocks) andworkingwith
lowercase text.2

To extract the contextual embedding of each
word in the sentence, one needs to tokenize the
document and feed the tokens, together with posi‑
tional and token type information, to the pre‑trained
BERT, which will return the embeddings for each
of the tokens. Apart from obtaining the token‑level
(word‑level) representation, one can also obtain
the document level representation. The result is
obtained by passing the input through multiple (12 in
bert-base-uncased) neural layers. Each layer (called
a transformer block) consists of two sublayers. The
ϐirst sub‑layer implements a multi‑head self‑attention
mechanism, and the secondone is a position‑wise fully

connected feed‑forward network. The output of each
sublayer is added to the input that bypasses the sub‑
layer through a residual connection, and the resulting
signal ends in layer normalization that is passed to the
next layer. At the ϐinal layer, one gets a representation
of each token at each position. Note that generally,
BERT models return token embeddings relative to a
given sentence/document. This means that the same
word can have different embeddings in different sen‑
tences, and even in the same sentence when it is used
several times.

As explained by [15], there are multiple ways of
extracting embeddings of words, sentences, or docu‑
ments from pre‑trained BERT models.

As words are concerned, there exist multiple pos‑
sibilities to obtain a static word embedding. For exam‑
ple, the “Averaged BERT” method consists of aver‑
aging the representations of the same word in its
different contexts to acquire a static embedding. The
“Averaged plus Regular BERT” approach means that
the representation of a word in a given context is the
sumof the original BERT representation plus themen‑
tioned averaged value. One may not restrict oneself
to the last layer only, but use, e.g., last 4 layers. Other
variants are also discussed in the literature.

The simplest representation of the entire text is
to use the average of the embeddings of individual
words. More advanced is the weighting of words with
the logarithm of inverted document frequency.

The obtained vectors may be normalized to the
unit length, or via dividing by their standard devia‑
tions, and in many other ways.

BERTwas used inML applications requiring expla‑
nation. For instance, [16] utilized the BERT model
for the purpose of medical classiϐication, using a two‑
stage model. The ϐirst stage was used for purposes
of document embedding, while the second stage was
trained topredict the classiϐication. Explanationswere
word‑based, where the word importance for classi‑
ϐication decision was produced based on a gradient‑
based method called integrated gradients [17,18].

[19] discusses the explainability of BERT model
results in the task of sentiment analysis.

3. A Short Introduction to GSC
Let us now explain how to exploit the properties

of the Graph Spectral Clustering methodology when
clustering documents in BERT embedding. Usage of
GSC for clustering instead of direct clustering in the
BERT embedding has the advantage of reducing the
dimensionality of the clustering problem by an order
ofmagnitude. Aswewill show subsequently, the result
of GSC approximates the result of direct clustering
in BERT embedding. This allows clustering in a low‑
dimensional space. In addition, it is possible to build
an explanatory bridge to the GSC/BERT combination.

Let us characterize the GSC approach to clustering
brieϐly. A more detailed description can be found, for
example, in [3].

Let 𝑆 be a (symmetric) similarity matrix between
pairs of items (documents, like tweets in our case).
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It induces a graph whose nodes correspond to the
entities (documents), hence the “Graph” part of the
GSC name. Let 𝑛 denote the number of items forwhich
𝑆 has been computed. Let 𝐷 be the diagonal matrix
with 𝑑𝑗𝑗 = ∑𝑛

𝑘=1 𝑠𝑗𝑘 for each 𝑗 ∈ [𝑛].
In the domain of text mining, the mentioned simi‑

larity matrix is usually based on either a graph repre‑
sentation of relationships (links, hyperlinks) between
items, or such a graph is induced by (cosine) simi‑
larity measures between these items. However, mixed
object representations (text and links) have also been
studied, for example by [20]. In this paper, we use
the cosine similarity between BERT embedding vec‑
tors. Hence, the elements of 𝑆 are of the form 𝑠𝑖𝓁 =
𝑔(𝛿𝑖)𝑇𝑔(𝛿𝓁), where 𝑔(𝛿𝑖) stands for the BERT embed‑
ding for document𝛿𝑖 .We assume that all these embed‑
dings are vectors of unit length. Additionally, by
GSC convention, all diagonal elements of 𝑆 are zero.
(Unnormalized or) combinatorial Laplacian 𝐿 corre‑
sponding to this matrix is deϐined as

𝐿 = 𝐷 − 𝑆 . (1)

A normalized Laplacian ℒ of the graph represented
by 𝑆 is deϐined as

ℒ = 𝐷−1/2𝐿𝐷−1/2 = 𝐼 − 𝐷−1/2𝑆𝐷−1/2 . (2)

The rationormalized Laplacian3 takes the form

ℒℛ =𝐷′−1/2𝐿𝐷′−1/2 = 𝐼 − 𝐷′−1/2𝑆′𝐷′−1/2 (3)

where 𝑆′ = 𝑆 + 𝐼 and 𝐷′ = 𝐷 + 𝐼.
The split into 𝑘 disjoint clusters is achieved as

follows. One computes the eigen‑decomposition of the
respective Laplacian (e.g., 𝐿, ℒ, or ℒℛ), getting 𝑛 eigen‑
values 𝜆1 ≤ … ≤ 𝜆𝑛 (always 𝜆1 = 0, due to mathemat‑
ical properties of the mentioned Laplacian’s) and cor‑
responding eigenvectors v1, … , v𝑛 . Then one embeds
the documents into the 𝑘‑dimensional space spanned
by the 𝑘 eigenvectors corresponding to 𝑘 lowest posi‑
tive eigenvalues. That is, 𝑖‑th document is represented
by the vector 𝔵𝑖 = [𝑣𝑖,2, … , 𝑣𝑖,𝑘+1]𝑇 . This shall be called
𝐿‑embedding, resp. 𝑁‑embedding, or 𝑅‑embedding if
the eigenvectors are determined from the combinato‑
rial (resp. normalized or rationormalized) Laplacian
𝐿, ℒ, or ℒℛ . Mathematical properties imply that the
eigenvector v1 of the combinatorial Laplacian is a con‑
stant vector; hence, to get an informative embedding,
we use the eigenvectors v2, … , v𝑘+1. We also apply this
convention to the other embeddings, that is 𝑁 and 𝑅
for consistency. Once a proper embedding has been
determined, it is possible to cluster the documents in
a chosen embedding space using, for example, the 𝑘‑
means algorithm. See [3] or [21] for details. 𝑘‑means
clustering in the 𝐿‑embedding shall be called 𝐿‑based
clustering.𝑁‑based clustering and 𝑅‑based clustering
be deϐined analogously. Note also, that the 𝐿‑based
clustering allows us to approximate the clustering
optimizing so‑called RCut criterion. In contrast, the
𝑁‑based clustering approximates the clustering opti‑
mizingNCut criterion,while𝑅‑based clustering allows

the approximation of the NRCut clustering criterion, a
mixture of both.

Note, that it is possible to formalize the three clus‑
tering criteria of the form

𝑄[𝐺𝑆𝐴𝔛](Γ) =
𝑘

෍
𝑗=1

෍
𝑖∈𝐶𝑗

||𝔵𝑖 − 𝜇(𝐶𝑗)||2 (4)

= 1
2

𝑘

෍
𝑗=1

1
|𝐶𝑗|

෍
𝑖∈𝐶𝑗

෍
𝓁∈𝐶𝑗

‖𝔵𝑖 − 𝔵𝓁‖2 (5)

where Γ = {𝐶1, … , 𝐶𝑘} is a partition of the set of
documents, and 𝔵𝑖 is a vectorwith components 𝑥𝑖𝑗 (𝑗 ∈
1 ∶ 𝑘) being the 𝑖‑th entries of the ϐirst 𝑘 eigenvectors
of the appropriate matrix 𝐿, ℒ, or 𝑅. That is if v𝑗 is an
eigenvector, then 𝑥𝑖𝑗 = 𝑣𝑗,𝑖 .

The 𝑗‑th cluster center is deϐined

𝜇(𝐶𝑗) =
1
|𝐶𝑗|

෍
𝑖∈𝐶𝑗

𝔵𝑖 (6)

where 𝔵𝑖 represents embedding of 𝑖‑th document as
described above.

The formula (4), is precisely the loss function of
the 𝑘‑means algorithm in the respective (Euclidean)
embedding space. So, it is quite natural that their min‑
ima are sought by applying the traditional 𝑘‑means
algorithm.

Graph clusteringwasprimarily associatedwith the
quantity

𝑐𝑢𝑡(𝐶𝑗 , 𝐶̄𝑗) = ෍
𝑖∈𝐶𝑗

෍
𝓁∉𝐶𝑗

𝑠𝑖𝓁 (7)

which represents the aggregate similarity of nodes
that are neighbors in a given graph but belong to
different clusters. Properly normalizing this quantity
we obtain three different criteria, i.e.,

𝑅𝐶𝑢𝑡(Γ) =
𝑘

෍
𝑗=1

𝑐𝑢𝑡(𝐶𝑗 , 𝐶̄𝑗)
|𝐶𝑗|

=
𝑘

෍
𝑗=1

1
|𝐶𝑗|

෍
𝑖∈𝐶𝑗

෍
𝓁∉𝐶𝑗

𝑠𝑖𝓁

(8a)

𝑁𝐶𝑢𝑡(Γ) =
𝑘

෍
𝑗=1

𝑐𝑢𝑡(𝐶𝑗 , 𝐶̄𝑗)
𝒱𝑗

=
𝑘

෍
𝑗=1

1
𝒱𝑗

෍
𝑖∈𝐶𝑗

෍
𝓁∉𝐶𝑗

𝑠𝑖𝓁

(8b)

𝑁𝑅𝐶𝑢𝑡(Γ) =
𝑘

෍
𝑗=1

𝑐𝑢𝑡(𝐶𝑗 , 𝐶̄𝑗)
𝒱′
𝑗

=
𝑘

෍
𝑗=1

1
𝒱′
𝑗
෍
𝑖∈𝐶𝑗

෍
𝓁∉𝐶𝑗

𝑠𝑖𝓁

(8c)

where
𝒱′
𝑗 = ෍

𝑖∈𝐶𝑗

(𝑑𝑖𝑖 + 1) = 𝒱𝑗 + |𝐶𝑗| . (9)

The last formula allows us to consider the NRCut clus‑
tering criterion as a mixture of NCut and RCut.

Note the symmetry between the 𝑘‑means cluster‑
ing criterion and the cutting criterion. In (4), the aver‑
aged difference (measured by the Euclidean distance)

55



Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 20, N∘ 1 2026

between themembers of the 𝑗‑th cluster is minimized,
while in (8), the averaged similarity between neigh‑
boring nodes assigned to different clusters is mini‑
mized, respectively.

4. Our Approach
Our approach to explanation differs from that pre‑

sented, e.g., by [18] as their methodology is (1) tar‑
getting explanation for classiϐication while we aim at
explanation of clustering results, (2) the classiϐication
mechanism they use is a black‑box itself, while we aim
at a methodology linking the clustering result cleanly
to the textual content of documents, without referring
to mysterious coefϐicients.
4.1. Preparing BERT Embedding for Explanation

As recalled in section 2, one can get an embedding
of an entire sentence as well as embeddings of each
word occurrence in the sentence in multiple ways. Let
us try to get a kind of uniform representation for them.
Assumewe have a collection𝒟 of documents 𝛿1, … , 𝛿𝑛
and a dictionary 𝒯 consisting of words 𝔴1, … , 𝔴𝑚 . A
word 𝔴𝑡 occurs in document 𝛿𝑖 𝑜(𝑡, 𝑖) times. Let us
deϐine a functionℰ(𝛿𝑖) returning theBERT embedding
in the space ℝ𝑑 of the document 𝛿𝑖 and a function
ℰ(𝔴𝑡 , 𝑝, 𝛿𝑖) returning the BERT embedding of the 𝑝𝑡ℎ
occurrence in the spaceℝ𝑤 of the word𝔴𝑡 in the doc‑
ument 𝛿𝑖 [11]. The dimensions 𝑑 and 𝑤 are assumed
to be identical.

Furthermore, as we want to compute cosine sim‑
ilarities, assume that ℰ∗(𝛿𝑖) = ℰ(𝛿𝑖)/‖ℰ(𝛿𝑖)‖, and
ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖) = ℰ(𝔴𝑡 , 𝑝, 𝛿𝑖)/‖ℰ(𝔴𝑡 , 𝑝, 𝛿𝑖)‖.

Frequently, the embedding extraction technologies
induce that ℰ(𝛿𝑖) is a linear combination of all occur‑
rences𝔴𝑗,𝑝, but it does not need to be so [15].

However, the dimensionality 𝑑 is higher than the
maximum number of word occurrences in a docu‑
ment, we can assume that there exists a set of non‑
negative coefϐicients 𝑓 for each document 𝛿𝑖 such
that ‖∑𝔴𝑡∈𝛿𝑖 ∑

𝑜(𝑡,𝑖)
𝑝=1 𝑓𝑖,𝑗,𝑝ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖)−ℰ∗(𝛿𝑖)‖ is min‑

imized (constrained minimization).
In other words

ℰ∗(𝛿𝑖) ≈ ෍
𝔴𝑡∈𝛿𝑖

𝑜(𝑡,𝑖)

෍
𝑝=1

𝑓𝑖,𝑗,𝑝ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖) . (10)

Let us deϐine the importance (or contribution) of
a word for the document in such a way that the sum
of the embeddings of all occurring words is equal to
1 (approximately), while closeness of a word embed‑
ding vector to the document embedding vector is
reϐlected by higher values.

𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒(𝔴𝑡 , 𝛿𝑖) =
𝑜(𝑡,𝑖)

෍
𝑝=1

𝑓𝑖,𝑗,𝑝ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖)𝑇ℰ∗(𝛿𝑖) .

(11)
Clearly, if the document embedding is a

linear combination of token embeddings, then
∑𝔴𝑡∈𝛿𝑖 𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒(𝔴𝑡 , 𝛿𝑖) = 1

Let us cluster the documents in this embedding
using 𝑘‑means. That is, we minimize the loss function

𝑄[𝐵𝐸𝑅𝑇](Γ) =
𝑘

෍
𝑗=1

෍
𝑖∈𝐶𝑗

||ℰ∗(𝛿𝑖) − 𝜇(𝐶𝑗)||2 (12)

where Γ = {𝐶1, … , 𝐶𝑘} is a partition of the set of
documents.

Each cluster 𝐶𝑗 will have a cluster center (or proto‑
type) 𝜇(𝐶𝑗) such that

𝜇(𝐶𝑗) =
1
|𝐶𝑗|

෍
𝛿𝑖∈𝐶𝑗

ℰ∗(𝛿𝑖) . (13)

By analogy, the importance of a word for the clus‑
ter may be deϐined as

𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒(𝔴𝑡 , 𝐶) =

= 𝜇(𝐶)𝑇 ቌ 1
|𝐶| ෍

𝛿𝑖∈𝐶

𝑜(𝑡,𝑖)

෍
𝑝=1

𝑓𝑖,𝑗,𝑝ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖)ቍ . (14)

By sorting the words by their decreasing impor‑
tance, we get the knowledgewhichword explains best
cluster membership.

Note, that

𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒(𝔴𝑡 , 𝐶) =
1
|𝐶| ෍

𝛿𝑖∈𝐶
𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒(𝔴𝑡 , 𝛿𝑖) .

(15)
4.2. Weighted Clustering in BERT Embedding

Consider now a modiϐied vector in the BERT
embedding. Let 𝜔𝑖 = 𝑑𝑖𝑖 .

𝒰∗(𝛿𝑖) = ቀℰ
∗(𝛿𝑖)
𝜔𝑖

, giቁ (16)

where gi is a vector of dimension 𝑛, equal to zero
everywhere except the 𝑖th element, 𝑔𝑖𝑖 = ඥ𝜔𝑖−1

𝜔𝑖
. With

this notation, let us compute the squared distance
between two documents: (for different 𝑖, 𝓁)

‖𝒰∗(𝛿𝑖) − 𝒰∗(𝛿𝓁)‖2 =
= ‖𝒰∗(𝛿𝑖)‖2 + ‖𝒰∗(𝛿𝓁)‖2 − 2𝒰∗(𝛿𝓁)𝑇𝒰∗(𝛿𝑖) (17)

= 𝜔𝑖 − 1 + 1
𝜔2
𝑖

+ 𝜔𝓁 − 1 + 1
𝜔2
𝓁

− 2 𝑠𝑖𝓁
𝜔𝑖𝜔𝓁

(18)

= 1
𝜔𝑖

+ 1
𝜔𝓁

− 2 𝑠𝑖𝓁
𝜔𝑖𝜔𝓁

. (19)

The dissimilarity is greater when the vectors are
longer, but smaller if the dot product is bigger. Under
this assumption, let us perform weighted 𝑘‑means
clustering (for weighted kernel‑𝑘‑means see, e.g.,
[22]). That is, we minimize the loss function

𝑄[𝜔𝐵𝐸𝑅𝑇](Γ; 𝜔) =
𝑘

෍
𝑗=1

෍
𝑖∈𝐶𝑗

𝜔𝑖||𝒰∗(𝛿𝑖) − 𝜇𝜔(𝐶𝑗)||2

(20)
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where Γ = {𝐶1, … , 𝐶𝑘} is a partition of the set of
documents. Each cluster 𝐶𝑗 will have a cluster center
(or prototype) 𝜇𝜔(𝐶𝑗) such that

𝜇𝜔(𝐶𝑗) =
1

∑𝛿𝑖∈𝐶𝑗 𝜔𝑖
෍
𝛿𝑖∈𝐶𝑗

𝜔𝑖𝒰∗(𝛿𝑖) (21)

𝑄[𝜔𝐵𝐸𝑅𝑇](Γ; 𝜔) =

=
𝑘

෍
𝑗=1

1
2𝒱𝑗

෍
𝑖∈𝐶𝑗

෍
𝓁∈𝐶𝑗
𝓁≠𝑖

𝜔𝑖𝜔𝓁‖𝒰∗(𝛿𝑖) − 𝒰∗(𝛿𝓁)‖2 (22)

=
𝑘

෍
𝑗=1

1
2𝒱𝑗

෍
𝑖∈𝐶𝑗

෍
𝓁∈𝐶𝑗
𝓁≠𝑖

𝜔𝑖𝜔𝓁 ቆ
1
𝜔𝑖

+ 1
𝜔𝓁

− 2 𝑠𝑖𝓁
𝜔𝑖𝜔𝓁

ቇ (23)

=
𝑘

෍
𝑗=1

1
2𝒱𝑗

෍
𝑖∈𝐶𝑗

෍
𝓁∈𝐶𝑗
𝓁≠𝑖

(𝜔𝑖 + 𝜔𝓁 − 2𝑠𝑖𝓁) . (24)

Note, that the 𝒰∗(𝛿𝑖) vectors are of higher dimen‑
sion. There is no need to use them in practice during
the clustering process. One uses them only “mentally”
for the sake of explanation. As proven in [23], clusters
resulting from clustering the 𝒰∗(𝛿𝑖) vectors are the
same as clusters resulting from clustering using GSC
based on normalized Laplacians.

As for explanation purposes note, that

𝜇𝜔(𝐶𝑗) =
1

∑𝛿𝑖∈𝐶𝑗 𝜔𝑖
෍
𝛿𝑖∈𝐶𝑗

ቀℰ∗(𝛿𝑖), 𝜔𝑖giቁ (25)

𝜇𝜔(𝐶𝑗) =
1

∑𝛿𝑖∈𝐶𝑗 𝜔𝑖
ቀ ෍
𝛿𝑖∈𝐶𝑗

ℰ∗(𝛿𝑖), ෍
𝛿𝑖∈𝐶𝑗

𝜔𝑖giቁ (26)

𝜇𝜔(𝐶𝑗) =
1

∑𝛿𝑖∈𝐶𝑗 𝜔𝑖
ቀ|𝐶𝑗|𝜇(𝐶𝑗), ෍

𝛿𝑖∈𝐶𝑗

𝜔𝑖giቁ . (27)

which means that the word importance can be com‑
puted in analogy to the unweighted case, but with the
distinction that potentially the clusters are different
due to weighted clustering.

The weighted importance can be deϐined as

𝑖𝑚𝑝𝑜𝑟𝑡𝑎𝑛𝑐𝑒𝜔(𝔴𝑡 , 𝐶) = (28)

= 𝜇𝜔(𝐶𝑗)𝑇 ቌ
1
|𝐶| ෍

𝛿𝑖∈𝐶

𝑜(𝑡,𝑖)

෍
𝑝=1

𝑓𝑖,𝑗,𝑝ቀℰ∗(𝛿𝑖), 𝜔𝑖giቁቍ

= 𝜇𝜔(𝐶𝑗)𝑇 ቌ
1
|𝐶| ෍

𝛿𝑖∈𝐶
ቀℰ∗(𝛿𝑖), 𝜔𝑖giቁ

𝑜(𝑡,𝑖)

෍
𝑝=1

𝑓𝑖,𝑗,𝑝ቍ .

4.3. A Proposal of Double‐centered “Normalized” Doc‐
ument Similarity Matrix Based Embedding (For Use
With Weighted 𝑘‐Means)

In [23], it has been suggested to use the𝒜 matrix
of the following form. 𝔈 be a matrix of the following
form

𝔈 = 11𝑇 − 𝐼 . (29)

Then deϐine
𝒜 = 𝐷−1(𝔈𝐷 + 𝐷𝔈 − 2𝑆)𝐷−1 . (30)

with 𝐷, 𝑆 being deϐined as previously. Let ℳ be the
matrix of the form:

ℳ = −12(𝐼 −
1
𝑛11

𝑇)𝒜(𝐼 − 1
𝑛11

𝑇) . (31)

Note, that 1 is an eigenvector of ℳ, with the corre‑
sponding eigenvalue equal to 0. All the other eigen‑
vectors must be orthogonal to it as ℳ is real and
symmetric, so for any other eigenvector v of ℳ we
have: 1𝑇v = 0.

Let Λ be the diagonal matrix of eigenvalues ofℳ,
and 𝑉 the matrix where columns are corresponding
(unit length) eigenvectors ofℳ. Thenℳ = 𝑉Λ𝑉𝑇 . Let
𝜁𝑖 = Λ1/2𝑉𝑇𝑖 , where 𝑉𝑖 stands for the 𝑖‑th row of 𝑉. Let
𝜁𝑖 , 𝜁𝓁 be the embeddings of the documents 𝑖, 𝓁, resp.
This embedding shall be calledℳ‑embedding. Then
‖𝜁𝑖 − 𝜁𝓁‖2 = 𝒜𝑖𝓁 = (𝑑𝑖𝑖 +𝑑𝓁𝓁 −2𝑠𝑖𝓁)/(𝑑𝑖𝑖𝑑𝓁𝓁) (32)

for 𝑖 ≠ 𝓁, and zero otherwise. Let us now discuss per‑
forming weighted 𝑘‑means clustering on the vectors
𝜁𝑖 with weights amounting to 𝑑𝑖𝑖 respectively.

Let us use the following weighting of documents:
𝜔𝑖 = 𝑑𝑖𝑖 . Clustering via weighted 𝑘‑means with
weights 𝜔𝑖 in the ℳ embedding will optimize the
following criterion

𝑄[ℳ𝑏𝑎𝑠𝑒𝑑](Γ; 𝜔) =
𝑘

෍
𝑗=1

෍
𝑖∈𝐶𝑗

𝜔𝑖‖𝜁𝑖 − 𝜇𝜔(𝐶𝑗)‖2 (33)

whereby

𝜇𝜔(𝐶𝑗) =
∑∈𝐶𝑗 𝜔𝑖𝜁𝑖
∑∈𝐶𝑗 𝜔𝑖

= 1
𝒱𝑗

෍
∈𝐶𝑗

𝜔𝑖𝜁𝑖 . (34)

In [23] it has been proven that
𝑄[ℳ𝑏𝑎𝑠𝑒𝑑](Γ; 𝜔) = 𝑛 − 2𝑘 + 𝑁𝐶𝑢𝑡(Γ) (35)

Recall, that 𝑁𝐶𝑢𝑡(Γ)was deϐined in equation (8c).
Since 𝑛 − 2𝑘 is a constant, minimizing one criterion
minimizes the other. As 𝑁‑based Clustering (cluster‑
ing using the normalized Laplacian 𝔏) has the same
target as NCut clustering, they are equivalent (see sec.
3).

In [23], proof can be found that

𝑄[ℳ𝑏𝑎𝑠𝑒𝑑](Γ; 𝜔) =
𝑘

෍
𝑗=1

1
2𝒱𝑗

෍
𝑖∈𝐶𝑗

෍
𝓁∈𝐶𝑗
𝓁≠𝑖

(𝑑𝑖𝑖 + 𝑑𝓁𝓁 − 2𝑠𝑖𝓁) .

(36)
It is easily seen that it is identicalwith the equation

(24) showing equivalence of 𝑄[ℳ𝑏𝑎𝑠𝑒𝑑](Γ; 𝜔) with
𝑄[𝜔𝐵𝐸𝑅𝑇](Γ; 𝜔).

This completes the explanation bridge: you can
cluster with normalized Laplacian based GSC and
explain with weighted BERT explanation method. The
advantage is that the clustering is performed in amuch
lower dimensional space (𝑘 dimensionswhen seeking
𝑘 clusters), but without the disadvantage of basic GSC
of non‑explainability. Explanation is reached in the
BERT space.
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4.4. Algorithmic Description of Clustering with Explana‐
tion Under BERT Embedding

The outlined methodology can be summarized as
follows:
1) Embed the document collection into BERT.
2) For each document ℰ(𝛿𝑖) compute the normalized

embedding vector ℰ∗(𝛿𝑖).
3) Compute cosine similarity between documents 𝑖, 𝓁

as cosine between the embedding vectors of doc‑
uments 𝑠𝑖𝓁ℰ∗(𝛿𝑖)𝑇ℰ∗(𝛿𝓁) forming the similarity
matrix 𝑆.

4) For the similarity matrix 𝑆, apply normalized
Laplacian based clustering, eq. (4).

5) For each token ℰ(𝔴𝑡 , 𝑝, 𝛿𝑖) of the document
compute the normalized embedding vector
ℰ∗(𝔴𝑡 , 𝑝, 𝛿𝑖).

6) For eachdocument, compute the linear approxima‑
tion of the normalized document embedding vec‑
tor based on normalized token embedding vectors
eq. (10).

7) For each cluster, with center eq. (21), calculate the
importance of words associated with the cluster
eq. (28).

8) Take 𝑛most important words as the cluster expla‑
nation for each cluster.

5. Experiments
In [23], it has been shown that explainability can

be achieved when performing GSC for similarities
obtained in the Term Vector Space. Therefore, the
question can be raised:What is gainedwhen consider‑
ing the BERT embedding? Experiments have been per‑
formed showing the improved clustering performance
of the latter.

For this purpose, we studied the effectiveness of
BERT‑based clustering versus Glove and traditional
TVS embeddings. The sBERT and BERT embedding
models were downloaded automatically (in the
background) by libraries used for embedding
of textual documents, whereby model names
needed to be provided. The models are available,
for example, in the huggingface repository
(https://huggingface.co/models). Alternatively,
manual download is also possible. Python library used
for BERT embeddings was transformers. Models
used in experiments were: bert-base-uncased,
vinai/bertweet-base, distilbert-base-uncased,
cardiffnlp/twitter-roberta-base. Python
library used for sBERT embeddings is called
sentence_transformers. The names of sBERT
and BERT embeddings visible in the tables 1 ‑ 5,
consist of two and three parts, respectively, separated
with and #. The ϐirst part (sBERT, BERT) indicates the
type of embedding. The second part is the common
name of the respective embedding model. The last
part, for BERT embeddings, following #, indicates
the version of embedding extraction. Two different
document embedding extractors were considered:

those marked with #[CLS] mean embeddings taken
from the [CLS] token, while #T_AVG indicate that the
document embedding was taken as the plain average
of (the other) token embeddings.

GloVe‑based embeddings are the ones trained
on Twitter data (GloVe@twitter) and trained on
Wikipedia data (Glove@wiki), downloaded from the
pages indicated in [10]. The embeddings with tra‑
ditional TVS (tf, tϐidf) are based on the Python
scikit-learn library.

The clustering method over all the embeddings
was N‑based clustering. sBERT embeddings differ
from BERT embeddings in that for BERT embeddings,
we get both document embedding and embeddings
of individual tokens. This enables explanations to be
derived. However, sBERT provides document embed‑
ding only. In this study of clustering efϐiciency, we
compare sBERT andBERT embeddings to seewhether
or not sBERT‑based clusterings perform signiϐicantly
better than BERT embeddings. If they do not perform
signiϐicantly better, then we can use BERT embed‑
dings for clustering and can be satisϐied with the
explanation methodology provided in this paper. If
sBERT were signiϐicantly better, separate explanation
methods need to be sought for sBERT.

The clustering experiments were performed with
popular Python libraries: numpy [24], scipy [25],
scikit-learn [26] and soyclustering [27] which
is an implementation of spherical 𝑘‑means [28]. In
particular, we used SpectralClustering class from
scikit‑learn with the affinity parameter set to:
precomputed (afϐinity from similarity matrix) as a
representative of the𝑁‑embedding based clustering.

The Hungarian method [29] is applied to match
hashtags and clusters, aiming to achieve the best
agreement (lowest error rate).

We made the comparison based on 5 datasets
drawn from Twitter. Each dataset consisted of docu‑
ments related to one of ϐive hashtags only. Below, a
short characterization of each dataset is given.
‑ DataSet 0: 8050 documents with 23855 distinct
terms. It consists of 5 hashtags: mentalhealth (1003
docs), brexit (1607), ukraine (1687), covid_19
(1696), writingcommunity (2057).

‑ DataSet 1: 8159 documents with 21188 distinct
terms. It consists of 5 hashtags: bbcqt (1025 docs),
sidnaaz (1153), lufc (1470), 100daysofcode (1718),
tejran (2793).

‑ Dataset 2: 8256 documents with 20217 distinct
terms, and 5 hashtags: r4today (1036 docs), rhobh
(1298), bb22 (1622), blm (1849), cdnpoli (2451).

‑ Dataset 3: 8218 documents with 21061 distinct
terms, and 5 hashtags: smackdown (1063 docs),
rhop (1154), btc (1487), maga (2079), nufc (2435).

‑ Dataset 4: 8440 docs with 26939 distinct terms,
and5hashtags: dnd (1031docs), robostopia (1323),
browns (1493), aewdynamite (1821), 2 (2772).
Tomeasure the quality of clustering, we compared

the clustering resultswith the human‑made clustering
in terms of the hashtags assigned to documents. Out
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Table 1. N‐based clustering of Dataset 0 using various
embeddings (vectorizers)

Vectorizer F1‑avg F1‑stdev
CountVectorizer 0.255152 0.000049
TfVectorizer 0.255146 0.000102
TϐidfVectorizer 0.396431 0.000360
GloVe@wiki 0.363963 0.000401
GloVe@twitter 0.355927 0.001543
sBERT@all‑MiniLM‑L6‑v2 0.974979 0.000092
sBERT@all‑distilroberta‑
v1

0.951857 0.000382

sBERT@multi‑qa‑mpnet‑
base‑dot‑v1

0.942263 0.000090

BERT@bert‑base‑
uncased#[CLS]

0.472723 0.000262

BERT@vinai/bertweet‑
base#[CLS]

0.675733 0.000439

BERT@distilbert‑base‑
uncased#[CLS]

0.592854 0.000481

BERT@cardiffnlp/twitter‑
roberta‑base#[CLS]

0.831508 0.000091

BERT@bert‑base‑
uncased#T_AVG

0.602534 0.000423

BERT@vinai/bertweet‑
base#T_AVG

0.618835 0.000151

BERT@distilbert‑base‑
uncased#T_AVG

0.558688 0.000899

BERT@cardiffnlp/twitter‑
roberta‑base#T_AVG

0.476953 0.002215

of the multitude of possibilities (e.g., [30] or [31]), as
a quality measure for clustering, we took the popular
external quality F1 measure as it reϐlects both preci‑
sion and recall. Based on the Hungarian method, we
associate each cluster with a single hashtag, calculate
F1 for each hashtag against the rest. Then compute the
average for all hashtags.

We had to refrain from evaluation of the expla‑
nations limiting ourselves to visual inspection (see
an example below) as no appropriate reference data
sets for the tweets we considered are available. We
are currently developing an evaluation method that
does not require human intervention and is therefore
objective. This paper establishes only the theoretical
basis for the explanation process itself. We refrain
from adding unnecessary complexity to this paper.
There exist multiple works [32–36] and surveys on
assessing the quality of explanations like [37–40].
Most quality evaluation methods require either direct
interaction with human user or some predeϐined sets
with ”ground truth” explanations. We chose in this
paper a different pathway and provided an analytical
justiϐication why the explanations are trustworthy.

Tables 1 ‑ 5 present clustering results for datasets
0 ‑ 4, respectively. The F1‑score presented therein is
an average over 30 runs. Note, that in some cases, GSC
clustering (as based on normalized Laplacian) failed
due to negative similarities. Most frequently, sBERT

Table 2. N‐based clustering of Dataset 1 using various
embeddings (vectorizers)

Vectorizer F1‑avg F1‑stdev
CountVectorizer 0.367469 0.000429
TfVectorizer 0.367626 0.000624
TϐidfVectorizer 0.497295 0.001748
GloVe@wiki 0.463999 0.000942
GloVe@twitter 0.594311 0.001918
sBERT@multi‑qa‑mpnet‑
base‑dot‑v1

0.906746 0.000166

BERT@bert‑base‑
uncased#[CLS]

0.475842 0.000682

BERT@vinai/bertweet‑
base#[CLS]

0.573888 0.000470

BERT@distilbert‑base‑
uncased#[CLS]

0.654812 0.000458

BERT@cardiffnlp/twitter‑
roberta‑base#[CLS]

0.799531 0.000085

BERT@bert‑base‑
uncased#T_AVG

0.609975 0.001175

BERT@vinai/bertweet‑
base#T_AVG

0.683997 0.000223

BERT@distilbert‑base‑
uncased#T_AVG

0.694325 0.000253

BERT@cardiffnlp/twitter‑
roberta‑base#T_AVG

0.727976 0.000198

was affected, but also in some cases GloVe and BERT
embedding.

In all cases except for dataset 4, sBERT embedding
methods yield the best clustering results. They are,
however, not the best option for explanation purposes
as an approximation equation. (10) constitutes a poor
approximation of document embeddings via token
embeddings.

BERT embeddings are not as good as sBERT
embeddings. However, if we compare #[CLS] embed‑
dings with #T_AVG in the case of BERT methods, they
do not differ very much. Hence, the usage of the aver‑
aging method for document embedding is well justi‑
ϐied and paves the way for the application of the eq.
(10) approximation, and hence the proposed explana‑
tion method is justiϐiable. And, as already mentioned,
sBERTs are more problematic than BERTs due to fail‑
ures caused by frequent negative similarities.

BERT methods are generally better than the TVS
and GloVe‑based embeddings, but not in all cases (as
stated also in, e.g., [41]).

Explanations of clusters under BERT embeddings
can be essentially used in ameaningful way onlywhen
the embedding of the document is the average over
token embeddings (#T_AVGvariants). One faces a sim‑
ilar problem as in other settings, that is, the stopwords
play a non‑negligible role. See an example of a cluster
description with top 50 tokens: the to of # mental‑
health and a is in covid writingcommunity for you are
this that we @ _ i on 19 your be all ‑ with it have not &
people health our an can from ukraine mental will need
those at about my their so who by as.
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Table 3. N‐based clustering of Dataset 2 using various
embeddings (vectorizers)

Vectorizer F1‑avg F1‑stdev
CountVectorizer 0.277486 0.000189
TfVectorizer 0.277534 0.000169
TϐidfVectorizer 0.575343 0.000483
GloVe@twitter 0.385300 0.000959
sBERT@all‑MiniLM‑L12‑
v2

0.834372 0.000242

sBERT@multi‑qa‑
distilbert‑cos‑v1

0.820115 0.000252

sBERT@multi‑qa‑mpnet‑
base‑dot‑v1

0.854759 0.000197

BERT@bert‑base‑
uncased#[CLS]

0.488475 0.000369

BERT@vinai/bertweet‑
base#[CLS]

0.780850 0.000328

BERT@distilbert‑base‑
uncased#[CLS]

0.464572 0.000172

BERT@cardiffnlp/twitter‑
roberta‑base#[CLS]

0.632636 0.000423

BERT@bert‑base‑
uncased#T_AVG

0.478280 0.000458

BERT@vinai/bertweet‑
base#T_AVG

0.540016 0.003658

BERT@distilbert‑base‑
uncased#T_AVG

0.444183 0.000424

BERT@cardiffnlp/twitter‑
roberta‑base#T_AVG

0.551978 0.000632

Same cluster described after removing the stop‑
words looks like this: mentalhealth covid writing‑
community people health ukraine mental support time
pandemic love care social day distancing safe life crisis
issues feel lives remember complacency current depres‑
sion medical zelenskyyua future llinzigray wip feeling
decisionproject government based school banffacade‑
mybxa virus children talk psychosocial public equip‑
ment retweeting uncivilized power ϔlyfofaaviation food‑
safetygov money brexit writing, which seems to be
more topical.

Although removal of stopwords improves the qual‑
ity of the description, one issue remains. BERT like
models create embeddings based on the entire doc‑
ument and there is no obvious justiϐication for dis‑
carding stopwords from the text when knowing the
speciϐic way how the models are trained (transformer
method). The effects of removing stopwords under
these settings would require an in‑depth investiga‑
tion. Whereas embeddings like GloVe, TVS that are
performed on a word‑by‑word basis are free from
this ambiguity – we can simply ignore the stopwords
under embeddings.

6. Conclusions

In this paper, we studied the problems behind
explainability of the results of Graph Spectral Clus‑
tering (GSC) methods applied under diverse types of

Table 4. N‐based clustering of Dataset 3 using various
embeddings (vectorizers)

Vectorizer F1‑avg F1‑stdev
CountVectorizer 0.231842 0.001354
TfVectorizer 0.231546 0.001468
TϐidfVectorizer 0.320499 0.000485
GloVe@twitter 0.444521 0.000620
sBERT@all‑MiniLM‑L6‑v2 0.985108 0.000009
sBERT@all‑MiniLM‑L12‑
v2

0.986921 0.000000

sBERT@multi‑qa‑MiniLM‑
L6‑cos‑v1

0.960467 0.000130

sBERT@multi‑qa‑mpnet‑
base‑dot‑v1

0.978597 0.000071

BERT@bert‑base‑
uncased#[CLS]

0.537486 0.000581

BERT@vinai/bertweet‑
base#[CLS]

0.641715 0.000124

BERT@distilbert‑base‑
uncased#[CLS]

0.633663 0.000141

BERT@cardiffnlp/twitter‑
roberta‑base#[CLS]

0.935586 0.000230

BERT@bert‑base‑
uncased#T_AVG

0.652909 0.000174

BERT@vinai/bertweet‑
base#T_AVG

0.713428 0.000090

BERT@distilbert‑base‑
uncased#T_AVG

0.611432 0.000196

BERT@cardiffnlp/twitter‑
roberta‑base#T_AVG

0.677452 0.000217

document embeddings, belonging to the TVS group,
GloVe group and BERT group.

The essential problem with explainability under
GSC is that the GSC embeddings of the results of clus‑
tering have nothing to do with the document con‑
tent. Therefore, [23] suggested a multistage explana‑
tion process which is applicable to TVS embedding
types. In [42], an extension was discussed to GloVe
type embeddings which is more complex than that for
TVSembeddings.

The mentioned papers constitute a kind of break‑
through in thedomain of GSA. GSAwaspreviously con‑
sidered as a black‑box method, while the mentioned
articles make it explainable. Hereby, there is a grading
of complexity on the side of the NL embeddings. TVS
represents a relatively simple casewhere theweight of
explaining word is directly the TVS coordinate. GloVe
embeddings are more complicated because of inter‑
section of word vectors in this space. Though this is
still a simpler case than BERT, as eachword has a ϐixed
embedding. BERT family has a different embedding
of each word not only in different documents, but
also within the same document. The embedding of
the entire document may not correspond to a linear
combination of word tokens.

As demonstrated in this paper, a stillmore complex
extension of the explanation concept is also possible
for BERT embeddings.
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Table 5. N‐based clustering of Dataset 4 using various
embeddings (vectorizers)

Vectorizer F1‑avg F1‑stdev
CountVectorizer 0.238978 0.000000
TfVectorizer 0.238978 0.000000
TϐidfVectorizer 0.239120 0.000000
GloVe@wiki 0.292245 0.000981
GloVe@twitter 0.327367 0.059270
sBERT@multi‑qa‑mpnet‑
base‑dot‑v1

0.670961 0.000124

BERT@bert‑base‑
uncased#[CLS]

0.532433 0.000220

BERT@vinai/bertweet‑
base#[CLS]

0.450124 0.000068

BERT@distilbert‑base‑
uncased#[CLS]

0.644404 0.000593

BERT@cardiffnlp/twitter‑
roberta‑base#[CLS]

0.769169 0.000094

BERT@bert‑base‑
uncased#T_AVG

0.614746 0.000177

BERT@vinai/bertweet‑
base#T_AVG

0.592477 0.000221

BERT@distilbert‑base‑
uncased#T_AVG

0.663272 0.000055

BERT@cardiffnlp/twitter‑
roberta‑base#T_AVG

0.672432 0.000529

We faced two challenges: (1) deriving theoretical
formulas of extracting word importance under the
assumption of linear combination of token embed‑
dings (2) experimental checking if usage of linear
word token combination deteriorates performance
compared to the document embedding (CLS token).
Managing these two points makes the signiϐicant dif‑
ference to the previous research and allows to say:
clustering with GSA under BERT is also explainable.

Thequestionwas also raised as towhether or not it
is worth the extrawork to use the BERT‑based embed‑
dings. The accuracy of clustering for embeddings of
these different classes of doc embeddings were stud‑
ied. BERT embeddings appear to yield best results.

However, an issue was observed that needs a
future investigations. Similarly to GloVe embeddings,
it may happen that BERT embeddings produce nega‑
tive cosine similarity between documents. An inves‑
tigation similar to that described in [42] is needed
to ensure completeness of applicability of explnations
under BERT embeddings.

Also, a deeper investigation is neededwith respect
to the role of stopwords in BERT, both on their impact
of clustering quality and explanation quality. The
research question is: shall we remove stopwords (1)
before starting the process of BERT embedding, (2)
after it but before computing the embedding of the
document based on tokens for clustering or (3) after
the clustering but before explaining.

Note, that a number of researchers insist that not
the explainability but rather the interpretability of ML
results is more important, see [43, 44], but we see it

differently. Interpretability is one side of ML usage
pointing at the possibility to ”make money” out of the
ML results. However, the other side of the results is
their trustfulness – investment risk. One has to under‑
stand how the results came about. The resultsmust be
hence explainable.

We restricted ourselves to the BERT‑type docu‑
ment embedding models, although new ones are con‑
stantly being developed, such as those listed on the
leaderboard at ht tps ://huggingface . co/space
s/mteb/leaderboard. We chose, however, BERT
due to its availability and broad usage, and due to its
open source nature and relatively low computational
demands. We look at the path TVS‑GloVe‑BERT as a
pathway towards development of more general expla‑
nation methods for the steadily evolving LLMmodels.

While there are multiple ways of evaluating clus‑
ters, we concentrate on comparison with ”intrin‑
sic” clustering that is hashtags. Based on Hungarian
method, we associate each cluster with a single hash‑
tag, calculateF1 for eachhashtag against the rest. Then
compute the average for all hashtags.

Notes
1Semantic similarity is nevertheless an ongoing subject of

research; see, e.g., [45].
2 For a list of some BERTmodel variants available fromHugging‑

face see https://www.kaggle.com/datasets/sauravmaheshkar/hu
ggingface‑bert‑variants. For a list of other transformer models, see,
e.g., https://github.com/abacaj/awesome‑transformers.

3 Other Laplacians are also used, e.g., the randomwalk Laplacian
𝕃 of a graph, deϐined as

𝕃 = 𝐿𝐷−1 = 𝐼 − 𝑆𝐷−1 (37)

Other Laplacians were also studied [21].
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Appendix

A. Results of Clustering Using 𝑘‐Means

For the completeness of our research,weposed the
question of whether it makes sense to use a clustering
method different from the straightforward usage of
the popular 𝑘‑means algorithm, that is, whether it
makes sense to apply Graph Spectral Clustering. In
table 6 we show clustering results of dataset 0 using
𝑘‑means directly in the respective embedding space. If
we compare this with Table 1, which shows clustering
results using GSC clustering, we see that GSC offers
an improvement in clustering quality. Hence, it makes
sense to bother about explainability in GSC in spite of
the fact that for the plain 𝑘‑means, the explanations
are straightforward.

Tables 7 ‑ 10 present clustering results for datasets
1 ‑ 4 respectively for 𝑘‑means clustering. A compar‑
ison with tables 2 ‑ 5 allows to draw similar conclu‑
sions: GSC offers generally an improvement in clus‑
tering quality especially for BERT type embeddings.
However, a drawback for some BERT implemnenta‑
tions is visible. Under some embeddings GSC cluster‑
ing cannot be computed due to massive negative sim‑
ilarities while 𝑘‑means clustering is possible in such
cases. This issue is subject of our further investiga‑
tions. As shown in [42], this issue can be successfully
mitigated for Glove type embeddings and we are cur‑
rently experimenting with similar methods for BERT
type embeddings, with promising results.

Table 6. 𝑘‐means clustering of Dataset 0 using various
embeddings (vectorizers)

Vectorizer F1‑avg
CountVectorizer 0.249608
TfVectorizer 0.249584
TϐidfVectorizer 0.348829
GloVe@wiki 0.285086
GloVe@twitter 0.239426
sBERT@all‑MiniLM‑L6‑v2 0.961594
sBERT@all‑MiniLM‑L12‑v2 0.937874
sBERT@all‑mpnet‑base‑v2 0.925444
sBERT@all‑distilroberta‑v1 0.929055
sBERT@multi‑qa‑MiniLM‑L6‑cos‑v1 0.941966
sBERT@multi‑qa‑distilbert‑cos‑v1 0.952534
sBERT@multi‑qa‑mpnet‑base‑dot‑v1 0.762779
BERT@bert‑base‑uncased#[CLS] 0.346147
BERT@vinai/bertweet‑base#[CLS] 0.492142
BERT@distilbert‑base‑uncased#[CLS] 0.445644
BERT@cardiffnlp/twitter‑roberta‑
base#[CLS]

0.540962

BERT@bert‑base‑uncased#T_AVG 0.401162
BERT@vinai/bertweet‑base#T_AVG 0.369402
BERT@distilbert‑base‑uncased#T_AVG 0.400333
BERT@cardiffnlp/twitter‑roberta‑
base#T_AVG

0.362900

Table 7. 𝑘‐means clustering of Dataset 1 using various
embeddings (vectorizers)

Vectorizer F1‑avg
CountVectorizer 0.325411
TfVectorizer 0.325468
TϐidfVectorizer 0.467889
GloVe@wiki 0.183522
GloVe@twitter 0.212565
sBERT@all‑MiniLM‑L6‑v2 0.890326
sBERT@all‑MiniLM‑L12‑v2 0.912272
sBERT@all‑mpnet‑base‑v2 0.729900
sBERT@all‑distilroberta‑v1 0.821762
sBERT@multi‑qa‑MiniLM‑L6‑cos‑v1 0.862951
sBERT@multi‑qa‑distilbert‑cos‑v1 0.816841
sBERT@multi‑qa‑mpnet‑base‑dot‑v1 0.797446
BERT@bert‑base‑uncased#[CLS] 0.389700
BERT@vinai/bertweet‑base#[CLS] 0.558415
BERT@distilbert‑base‑uncased#[CLS] 0.533903
BERT@cardiffnlp/twitter‑roberta‑
base#[CLS]

0.707646

BERT@bert‑base‑uncased#T_AVG 0.505968
BERT@vinai/bertweet‑base#T_AVG 0.570867
BERT@distilbert‑base‑uncased#T_AVG 0.529057
BERT@cardiffnlp/twitter‑roberta‑
base#T_AVG

0.531740

Table 8. 𝑘‐means clustering of Dataset 2 using various
embeddings (vectorizers)

Vectorizer F1‑avg
CountVectorizer 0.244935
TfVectorizer 0.245068
TϐidfVectorizer 0.470825
GloVe@wiki 0.211871
GloVe@twitter 0.257164
sBERT@all‑MiniLM‑L6‑v2 0.811696
sBERT@all‑MiniLM‑L12‑v2 0.788610
sBERT@all‑mpnet‑base‑v2 0.631467
sBERT@all‑distilroberta‑v1 0.657888
sBERT@multi‑qa‑MiniLM‑L6‑cos‑v1 0.715318
sBERT@multi‑qa‑distilbert‑cos‑v1 0.586079
sBERT@multi‑qa‑mpnet‑base‑dot‑v1 0.722792
BERT@bert‑base‑uncased#[CLS] 0.376012
BERT@vinai/bertweet‑base#[CLS] 0.403862
BERT@distilbert‑base‑uncased#[CLS] 0.363897
BERT@cardiffnlp/twitter‑roberta‑
base#[CLS]

0.586548

BERT@bert‑base‑uncased#T_AVG 0.393337
BERT@vinai/bertweet‑base#T_AVG 0.363000
BERT@distilbert‑base‑uncased#T_AVG 0.391392
BERT@cardiffnlp/twitter‑roberta‑
base#T_AVG

0.400820
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Table 9. 𝑘‐means clustering of Dataset 3 using various
embeddings (vectorizers)

Vectorizer F1‑avg
CountVectorizer 0.239606
TfVectorizer 0.239582
TϐidfVectorizer 0.374237
GloVe@wiki 0.187456
GloVe@twitter 0.192742
sBERT@all‑MiniLM‑L6‑v2 0.984532
sBERT@all‑MiniLM‑L12‑v2 0.986152
sBERT@all‑mpnet‑base‑v2 0.990348
sBERT@all‑distilroberta‑v1 0.974033
sBERT@multi‑qa‑MiniLM‑L6‑cos‑v1 0.945448
sBERT@multi‑qa‑distilbert‑cos‑v1 0.957767
sBERT@multi‑qa‑mpnet‑base‑dot‑v1 0.972517
BERT@bert‑base‑uncased#[CLS] 0.329817
BERT@vinai/bertweet‑base#[CLS] 0.365470
BERT@distilbert‑base‑uncased#[CLS] 0.453654
BERT@cardiffnlp/twitter‑roberta‑
base#[CLS]

0.672232

BERT@bert‑base‑uncased#T_AVG 0.442688
BERT@vinai/bertweet‑base#T_AVG 0.508783
BERT@distilbert‑base‑uncased#T_AVG 0.438658
BERT@cardiffnlp/twitter‑roberta‑
base#T_AVG

0.572831

Table 10. 𝑘‐means clustering of Dataset 4 using various
embeddings (vectorizers)

Vectorizer F1‑avg
CountVectorizer 0.286061
TfVectorizer 0.286051
TϐidfVectorizer 0.311880
GloVe@wiki 0.345985
GloVe@twitter 0.239728
sBERT@all‑MiniLM‑L6‑v2 0.715959
sBERT@all‑MiniLM‑L12‑v2 0.708030
sBERT@all‑mpnet‑base‑v2 0.717453
sBERT@all‑distilroberta‑v1 0.780480
sBERT@multi‑qa‑MiniLM‑L6‑cos‑v1 0.683618
sBERT@multi‑qa‑distilbert‑cos‑v1 0.736226
sBERT@multi‑qa‑mpnet‑base‑dot‑v1 0.761548
BERT@bert‑base‑uncased#[CLS] 0.410637
BERT@vinai/bertweet‑base#[CLS] 0.399653
BERT@distilbert‑base‑uncased#[CLS] 0.516114
BERT@cardiffnlp/twitter‑roberta‑
base#[CLS]

0.709762

BERT@bert‑base‑uncased#T_AVG 0.531288
BERT@vinai/bertweet‑base#T_AVG 0.432609
BERT@distilbert‑base‑uncased#T_AVG 0.523886
BERT@cardiffnlp/twitter‑roberta‑
base#T_AVG

0.505151
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