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Abstract:
The industrial robots are used in different areas, one of
these areas is towing trailer’s. This research proposes the
use of an omniwheel mobile robot, designed specifically
for towing purposes, to enhance the towing capabilities.
The study focuses on analyzing, controlling, and testing
the dynamics of a trailer under the influence of external
towing forces applied by an omniwheel mobile robot.
The study includes dynamical analysis, path planning,
tracking control, prototype design, tuning of selected
actuators, and simulation results of the proposed omni‐
wheel tractor robot. The dynamic equations, the path
planning algorithm, the path tracking methods, and the
PID tuning of actuators are tested in a MATLAB Simulink
Simscape environment using the designed 3D models.
The simulation results are used to fine‐tune the system
parameters and minimize errors. Improved tuning of
these parameters leads to better simulation outcomes.
The final simulation results show that positional accuracy
reaches 4.0 cm RMS precision (peak deviations: 7.6 cm)
over a 6.63‐meter course, and speed deviations remain
below %4.3. Angular control maintains stability by cap‐
ping errors at 0.117 rad (average: 0.008 rad) and limiting
transient overshoot to %17.17 for aggressivemaneuvers.

Keywords: omniwheel mobile robot, dynamical analysis,
tracking control, path planning, PID control

1. Introduction
The advancements in warehouse robotics over

the past decade have been signiϐicant [1], driving
increased attention towards controlling and evaluat‑
ing various mobile robot designs for warehouse envi‑
ronments [2, 3]. This research focuses primarily on
key areas such as energy efϐiciency, path planning
[4, 5], path tracking [6, 7], dynamic behavior analysis
[4,8–10] andmechanical design considerations [2,11].
These topics form the foundation for mobile robotics,
speciϐically for autonomous towing of trailers exploit‑
ing in transferring products between warehouse and
manufacturing facilities or vice versa.

Previous studies inmobile robotics have examined
trailer systems [12–14], which sharemechanical simi‑
laritieswith non‑holonomic two‑wheelmobile robots.
A signiϐicant portion of the literature focuses on trailer
dynamics and control for path tracking, often employ‑
ing Lyapunov‑based approaches to address tracking
control for non‑holonomic wheeled trailer’s [15, 16].

While these methods offer useful insights, they elabo‑
rately calculate required torques for actuated wheels
by implementing differential drivemodels concerning
only trailers and combined dynamics of tractor and
trailer. Nevertheless, in context of mobilization and
autonomy of already deployed trailers, these strate‑
gies become invalid because of the fact that only tow‑
ing of unactuated trailers is feasible in their controls.
To tow for motion control of the trailer with non‑
holonomic dynamics, a tractor robot should have fully
controlled actuation for planar motion.

Omniwheel robots, known for their maneuverabil‑
ity and holonomic kinematics, have been a signiϐicant
focus of research. However, their complex kinematic
and dynamic analyses present additional challenges
[8, 11, 17]. Control strategies for omniwheel robots
have been successfully tested , employing a PID con‑
trol method to adjust wheel accelerations [17], imple‑
menting adaptive controllers [9]. This approach cal‑
culates requiredmotor torques using inverse dynamic
analysis and adjusts the robot’s velocity basedonposi‑
tion errors. The desired velocity and planned path are
provided as input by the user, with the system con‑
trolling the robot accordingly. Although this method
is effective, the article does not specify the exact path
tracking or planning algorithms tested alongside the
control system.

Path planning is a critical aspect that enables
autonomousmovement inmobile robots and requires
an accompanying path tracking algorithm [4, 7]. Dur‑
ing path planning, a mobile robot typically relies on
map data, which may be preexisting or acquired in
real‑time using sensors. These data are essential for
computing anoptimal route from the initial position to
the destination throughpath planning algorithms. The
resulting path can be represented as a set of discrete
poses or as a mathematical function, both of which
require a tracking algorithm to follow the planned
route [5,6]. Path tracking algorithms, such as the Pure
Pursuit method, determine the next destination based
on a lookahead distance. This approach continuously
adjusts the robot’s trajectory by selecting the closest
point along the path that lies within the lookahead
distance, ensuring smooth and efϐicient navigation.

This study addresses the challenge of towing a
trailer using an omniwheel mobile robot, offering a
unique approach to this common problem in mobile
robotics.
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While previous research has examined the dynam‑
ics of omniwheel robots [8, 11, 17–19] and trailer’s
[4,7,10,13,19–22], this study re‑examines themdue to
changes in the problem’s requirements. It derives the
dynamics of towing and the forces involved, providing
new insights into their interaction.

This study introduces a method using cubic
Bezier functions with pure pursuit tracking. This
approach reduces the need for excessive maneuvers
and corrects rotational errors, making it suitable for
all trailer operations. The control strategy employs
dynamic analysis with Lyapunov stability methods.
Though commonly used for non‑holonomic robots,
this method is adapted here for towing applica‑
tions, with experiments conducted to assess its effec‑
tiveness. This research contributes signiϐicantly by
enhancing warehouse robotics efϐiciency in towing
operations. Additionally, the ϐindings beneϐit any sys‑
tem utilizing towed trailer’s, offering valuable insights
and methodologies for improved performance.

2. Dynamical Analysis

The proposed design of the towed trailer mobile
robot consists of two parts: the non‑holonomic trailer
part and the holonomic omniwheel tractor part. The
two parts are connected to each other using a revolute
joint, this joint allows the rotations on Z direction and
transmits only the applied forces without deϐlection
but not the torque. To achieve the desired pose of the
trailer, the required towing forces on the revolute joint
must be calculated. Then, the corresponding motor
torques or motor speeds of the towing robot must be
determined based on the calculated external forces of
the trailer.

The following assumptions and problem‑based
constraints were considered throughout the whole
research.
‑ The trailer has 3 degrees of freedom.

‑ Slip between thewheels and the ground is neglected.

‑ The center of mass of the towing robot is at the
geometrical center of its body, equidistant from all
three wheels, as shown in Figure 1a.

‑ The center of mass of the trailer is located between
themiddle of the twowheels, as shown in Figure 1b.

Figure 1. 2D illustration of (a) omniwheel mobile robot
and (b) trailer

Figure 2. Forces (a), torques (b) on trailer

2.1. Towing Dynamics

To model the dynamics of the trailer’s motion the
geometrical and mechanical relationship between the
trailer’s wheels and body frame should be known. All
of the necessary parameters are presented in Figure 2.

The trailer’s linear velocity 𝑉𝑡 is determined as
the average of the left and right wheel velocities 𝑉𝐿
and 𝑉𝑅 , while the angular velocity 𝜙̇𝑡 depends on the
difference between these velocities and the robot’s
wheelbase 𝐿.

These relationships are essential for determin‑
ing how the robot’s wheels must move to achieve
a desired trajectory. Speciϐically, the relationship
between the linear and angular velocities is given by
Equation (1).

𝑉𝑡 =
𝑉𝐿 + 𝑉𝑅

2 , 𝜙̇𝑡 =
𝑉𝑅 − 𝑉𝐿

𝐿 (1)

Furthermore, the reverse calculation allows to
determine the requiredwheel velocities for a given lin‑
ear and angular velocity. By rearranging the equations
in Equation (1) the following expressions for the left
and right wheel velocities are obtained as shown in
Equation (2).

𝑉𝐿 =
2𝑉𝑡 − 𝜙̇𝑡𝐿

2 , 𝑉𝑅 = 2𝑉𝑡 + 𝜙̇𝑡𝐿
2 (2)

The velocities of the left and right wheels are
related to the angular velocities 𝜃̇𝐿 and 𝜃̇𝑅 through the
wheel radius 𝑟𝑡 , as shown in Equation (3).

𝑉𝐿 = 𝜃̇𝐿𝑟𝑡 , 𝑉𝑅 = 𝜃̇𝑅𝑟𝑡 (3)
To express the angular velocities in terms of the

trailer’s linear velocity 𝑉𝑡 and angular velocity 𝜙̇𝑡 , the
matrix equation in Equation (4) is derived by using
Equation (2) and Equation (3).

ቈ𝜃̇𝐿𝜃̇𝑅
቉ = 1

2𝑟𝑡
ቈ2 −𝐿
2 𝐿 ቉ ቈ𝑉𝑡𝜙̇𝑡

቉ (4)

This equation allows to determine the angular
velocities of the left and right wheels based on the
trailer’s linear and angular velocities. The relation‑
ships for the angular accelerations of the wheels in
terms of the linear and angular accelerations of the
trailer is expressed in Equation (5) by taking the
derivative of Equation (4).

ቈ𝜃̈𝐿𝜃̈𝑅
቉ = 1

2𝑟𝑡
ቈ2 −𝐿
2 𝐿 ቉ ቈ𝑉̇𝑡𝜙̈𝑡

቉ (5)
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These relationships helps to understand how
changes in the trailer’s velocity affect the angular
accelerations of the wheels and by taking inverse of
this equation we can understand the inverse relation‑
ship shown on Equation (6).

ቈ𝑉̇𝑡𝜙̈𝑡
቉ = ൥

𝑟𝑡
2

𝑟𝑡
2

−1
𝐿

1
𝐿
൩ ቈ𝜃̈𝐿𝜃̈𝑅

቉ (6)

The forces exerted on the wheels are related to
the angular accelerations of the wheels through their
moments of inertia. Speciϐically, the forces 𝐹𝐿 and 𝐹𝑅
are related to the angular accelerations 𝜃̈𝐿 and 𝜃̈𝑅 by
the system of equations shown in Equation (7).

𝐹𝑅 = 𝐼𝑅𝜃̈𝑅
𝑟𝑡

, 𝐹𝐿 =
𝐼𝐿𝜃̈𝐿
𝑟𝑡

(7)

Equation (8) represents the balance of forces and
torques acting on the trailer, where 𝐹𝑒 ×𝐿𝑒 represents
the external torque, and the terms involving 𝐹𝐿 and
𝐹𝑅 describe the torque contributions from the wheels.
This balance is fundamental for controlling the robot’s
rotational motion.

𝐹𝑒 × 𝐿𝑒 + 𝐹𝐿 × 𝐿𝑡 + 𝐹𝑅 × 𝐿𝑡 = 𝐼𝑡𝜙̈𝑡 (8)
Analysis of the forces along the 𝑦‑axis, which are

inϐluenced by the wheel forces and the trailer’s accel‑
eration is given by Equation (9).

𝐹𝑒𝑦 − 𝐹𝐿 − 𝐹𝑅 = 𝑚𝑡𝑉̇𝑡 (9)
This equation shows that the net force along the

𝑦‑axis is the sum of the forces from the left and right
wheels, minus the external force 𝐹𝑒𝑦 , which is pro‑
portional to the robot’s change in velocity. The force
𝐹𝑒𝑥 acting along the 𝑥‑axis can be derived from the
moments of inertia of the robot and the geometry of
the system. It is expressed in Equation (10).

𝐹𝑒𝑥 =
𝐹𝐿𝐿
2𝑑𝑡

− 𝐹𝑅𝐿
2𝑑𝑡

− 𝐼𝑡𝜙̈𝑡
𝑑𝑡

(10)

Further, the force 𝐹𝑒𝑥 can also be described in
terms of the angular accelerations of the left and right
wheels, as shown in Equation (11).

𝐹𝑒𝑥 =
𝐼𝐿𝜃̈𝐿𝐿
2𝑑𝑡𝑟𝑡

− 𝐼𝑅𝜃̈𝑅𝐿
2𝑑𝑡𝑟𝑡

+ 𝐼𝑡𝜃̈𝐿𝑟𝑡 − 𝐼𝑡𝜃̈𝑅𝑟𝑡
𝑑𝑡𝐿

(11)

This shows how the wheel inertia and angular
accelerations inϐluence the external force acting on
the trailer. The forces along the 𝑦‑axis is as shown in
Equation (12).

𝐹𝑒𝑦 − 𝐹𝐿 − 𝐹𝑅 = 𝑚𝑡𝑉̇𝑡 (12)
This equation shows that the net force along the 𝑦‑

axis depends on the forces from both wheels and the
external force. The total force along the 𝑦‑axis can also
be expressed as in Equation (13).

𝐹𝑒𝑦 = 𝐹𝐿 + 𝐹𝑅 +𝑚𝑡𝑉̇𝑡 (13)

This shows that the total force along the 𝑦‑axis is
the sum of the forces from the left and right wheels,
plus the contribution from the trailer’s change in
velocity. The force𝐹𝑒𝑦 can be expressed in terms of the
angular accelerations of the left and right wheels, as
shown in Equation (14).

𝐹𝑒𝑦 = 𝐼𝐿𝜃̈𝐿
𝑟𝑡

+ 𝐼𝑅𝜃̈𝑅
𝑟𝑡

+𝑚𝑡
̇𝑉𝑅 + 𝑉̇𝐿
2 (14)

The force 𝐹𝑒𝑦 can be written as in Equation (15).

𝐹𝑒𝑦 = 𝐼𝐿𝜃̈𝐿
𝑟𝑡

+𝑚𝑡
𝜃̈𝐿𝑟𝑡
2 + 𝐼𝑅𝜃̈𝑅

𝑟𝑡
+𝑚𝑡

𝜃̈𝑅𝑟𝑡
2 (15)

This equation gives a more detailed relationship
between the forces and the angular accelerations of
the left and right wheels. The ϐinal equation of model
is a matrix representation of the external forces along
the 𝑥‑ and 𝑦‑axes in terms of the angular accelera‑
tions of the left and right wheels. This matrix form is
useful for numerical computation and simulation of
the trailer’s dynamics. The matrix equation is given in
Equation (16).

ቈ𝐹𝑒𝑥𝐹𝑒𝑦቉ = ቎
𝐼𝐿𝐿
2𝑑𝑡𝑟𝑡

+ 𝐼𝑡𝑟𝑡
𝑑𝑡𝐿

− 𝐼𝑅𝐿
2𝑑𝑡𝑟𝑡

− 𝐼𝑡𝑟𝑡
𝑑𝑡𝐿𝐼𝐿

𝑟𝑡
+𝑚𝑡

𝑟𝑡
2

𝐼𝑅
𝑟𝑡
+𝑚𝑡

𝑟𝑡
2

቏ ቈ𝜃̈𝐿𝜃̈𝑅
቉ (16)

2.2. Omniwheel Robot Dynamics

The designed omniwheel mobile robot, used for
towing the trailer, calculates the external forces affect‑
ing the trailer to determine the needed equivalent
motor angular velocities. In this context, the geometri‑
cal relationships between the motor vectors resulting
from the mechanical connections to the mobile robot
body play a crucial role. These relationships are fun‑
damental to calculating the necessary velocities. All
required geometrical and mechanical parameters are
speciϐied in the conceptual design in Figure 3.

The velocity vector of the omniwheel robot’s cen‑
ter of mass, denoted by 𝑝̇𝑜 , is given by the following
equation.

𝑝̇𝑜 = ൣ𝑉𝑥𝑜 𝑉𝑦𝑜 𝜙̇𝑜൧
𝑇 , 𝑞̇𝑜 = ൣ𝜃̇1 𝜃̇2 𝜃̇3൧

𝑇 (17)

Equation (17) deϐines the velocity vector 𝑝̇𝑜 of the
omniwheel robot’s center of mass, where 𝑉𝑥𝑜 and 𝑉𝑦𝑜

Figure 3. Forces (a), torques (b) on omniwheel mobile
robot
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represent the linear velocities along the 𝑋𝑜 and 𝑌𝑜
axes, and 𝜙̇𝑜 is the angular velocity of the omniwheel
robot.

To calculate the linear velocity along the 𝑋𝑜 direc‑
tion 𝑉𝑥𝑜 , we use the following equation.

𝑉𝑥𝑜 =
2𝑉2 − 𝑉1 − 𝑉3

3 (18)
Equation (18) combines the contributions of the

individual motor velocities 𝑉1, 𝑉2, and 𝑉3, where the
motors are arranged in a triangular conϐiguration. The
equation shows how the omniwheel robot’s 𝑋𝑜 direc‑
tion velocity is inϐluenced by these motor velocities.

Similarly, the linear velocity along the 𝑌𝑜 direction
𝑉𝑦𝑜 is computed as:

𝑉𝑦𝑜 =
√3𝑉3 − √3𝑉1

3 (19)
Equation (19) shows that the 𝑌𝑜 direction velocity

𝑉𝑦𝑜 depends on the motor velocities 𝑉1 and 𝑉3, with a
factor of √3 from the geometry of the robot’s wheels.

𝜙̇𝑜 =
𝑉1 + 𝑉2 + 𝑉3

3𝑑𝑜
(20)

Equation (20) provides the angular velocity at the
robot’s center of mass based on the sum of the motor
velocities and the distance 𝑑𝑜 from the center of mass
to the wheels.

The individual motor velocities 𝑉1, 𝑉2, and 𝑉3 are
related to the motor angular velocities 𝜃̇1, 𝜃̇2, and 𝜃̇3
by the following relations.

𝑉1 = 𝜃̇1𝑟𝑜 , 𝑉2 = 𝜃̇2𝑟𝑜 , 𝑉3 = 𝜃̇3𝑟𝑜 (21)

In equation (21), 𝑟𝑜 represents the radius of the
omniwheels, and each omniwheel’s velocity is propor‑
tional to its angular velocity.

Rearranging the system of equations for linear and
angular velocities to write the matrix equation that
transforms themotor angular velocities into the linear
velocities of the omniwheel robot’s center of mass.

቎
𝑉𝑥𝑜
𝑉𝑦𝑜
𝜙̇𝑜

቏ = 𝑟𝑜
⎡
⎢
⎢
⎣

−1
3

2
3 −1

3
−√3

3 0 √3
31

3𝑑𝑜
1

3𝑑𝑜
1

3𝑑𝑜

⎤
⎥
⎥
⎦

቎
𝜃̇1
𝜃̇2
𝜃̇3
቏ (22)

Equation (22) expresses the relationship between
the motor angular velocities and the linear velocities
of the robot’s center of mass in matrix form. This
matrix allows for the direct calculation of the robot’s
velocities from the motor angular velocities.

The inverse of this relationship is found to calcu‑
late the motor angular velocities 𝜃̇1, 𝜃̇2, and 𝜃̇3 from
the linear velocities 𝑉𝑥𝑜 , 𝑉𝑦𝑜 , and 𝜙̇𝑜 .

቎
𝜃̇1
𝜃̇2
𝜃̇3
቏ = 1

𝑟𝑜
൦
−1

2 −√3
2 𝑑𝑜

1 0 𝑑𝑜
−1

2
√3
2 𝑑𝑜

൪ ቎
𝑉𝑥𝑜
𝑉𝑦𝑜
𝜙̇𝑜

቏ (23)

Equation (23) provides the inverse matrix that
calculates themotor angular velocities from the omni‑
wheel robot’s linear velocities and angular velocity.

The total torque 𝑇𝑧𝑜 acting on the omniwheel
robot due to the forces exerted by the motors can be
expressed as:

𝑇𝑧𝑜 = 𝐹1𝑑𝑜 + 𝐹2𝑑𝑜 + 𝐹3𝑑𝑜 + 𝐼𝑜𝑤̇𝑜 (24)
Equation (24) describes the total torque acting

on the robot. It includes the contributions from the
individual motor forces 𝐹1, 𝐹2, and 𝐹3, as well as the
rotational inertia term 𝐼𝑜𝑤̇𝑜 .

𝐹𝑥𝑜 =
2𝐹2 − 𝐹3 − 𝐹1

3 +𝑚𝑜𝑎𝑥 (25)

𝐹𝑦𝑜 =
√3𝐹3 − √3𝐹1

3 +𝑚𝑜𝑎𝑦 (26)

Equations (25) and (26) calculate the forces along
the 𝑋𝑜 and 𝑌𝑜 axes.

The forces exerted by eachmotor can be calculated
as:

𝐹1 =
𝐼𝑤𝑜𝜃̈1
𝑟𝑜

, 𝐹2 =
𝐼𝑤𝑜𝜃̈2
𝑟𝑜

, 𝐹3 =
𝐼𝑤𝑜𝜃̈3
𝑟𝑜

(27)

In equation (27), the forces generated by the indi‑
vidual motors are related to the motor angular accel‑
erations 𝜃̈1, 𝜃̈2, and 𝜃̈3, and depend on the moment of
inertia 𝐼𝑤𝑜 and the radius 𝑟𝑜 .

To express the forces 𝐹𝑥𝑜 and 𝐹𝑦𝑜 in terms of the
motor angular accelerations, we use the following
equations.

𝐹𝑥𝑜 = 𝐴11𝜃̈1 + 𝐴12𝜃̈2 + 𝐴13𝜃̈3 (28)
𝐹𝑦𝑜 = 𝐴21𝜃̈1 + 𝐴22𝜃̈2 + 𝐴23𝜃̈3 (29)
𝑇𝑧𝑜 = 𝐴31𝜃̈1 + 𝐴32𝜃̈2 + 𝐴33𝜃̈3 (30)

Equations (28) (29) and (30) are expressed with
coefϐicients to shorten the equations.

These relationships can be written in matrix form:

቎
𝐹𝑥𝑜
𝐹𝑦𝑜
𝑇𝑧𝑜

቏ = ቎
𝐴11 𝐴12 𝐴13
𝐴21 𝐴22 𝐴23
𝐴31 𝐴32 𝐴33

቏ ቎
𝜃̈1
𝜃̈2
𝜃̈3
቏ (31)

Equation (31) expresses the forces and torques in
terms of the motor angular accelerations in matrix
form.

The coefϐicients 𝐴𝑖𝑗 are deϐined as follows:

𝐴11 = 𝐴13 = −𝐼𝑤𝑜
3𝑟𝑜

−𝑚𝑜
𝑟𝑜
3 (32)

𝐴12 =
2𝐼𝑤𝑜
3𝑟𝑜

+𝑚𝑜
2𝑟𝑜
3 (33)

𝐴21 = −𝐴23 = −√3𝐼𝑤𝑜
3𝑟𝑜

−𝑚𝑜
√3𝑟𝑜
3 (34)

𝐴22 = 0 (35)

𝐴31 = 𝐴32 = 𝐴33 =
𝐼𝑤𝑜𝑑𝑜
𝑟𝑜

+ 𝐼𝑜
𝑟𝑜
3𝑑𝑜

(36)

Equations (32) through (36)deϐine the coefϐicients
𝐴𝑖𝑗 . The angular accelerations of the motors can be
expressed as a function of the forces and torques.
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቎
𝜃̈1
𝜃̈2
𝜃̈3
቏ = ቎

𝐵11 𝐵12 𝐵13
𝐵21 𝐵22 𝐵23
𝐵31 𝐵32 𝐵33

቏ ቎
𝐹𝑥𝑜
𝐹𝑦𝑜
𝑇𝑧𝑜

቏ (37)

Equation (37) is the inverse of Equation (31). This
inverse equation calculates 𝜃̈1, 𝜃̈2, and 𝜃̈3 based on
the equivalent forces and torques on the robot. The
coefϐicients 𝐵𝑖𝑗 are deϐined as follows:

𝐵11 = 𝐵31 = −2𝐵21 = −1
2(𝐼𝑤𝑜𝑟𝑜 +𝑚𝑜𝑟𝑜) (38)

𝐵22 = 0 (39)

𝐵12 = −𝐵32 =
−3

2(√3𝐼𝑤𝑜𝑟𝑜 + √3𝑚𝑜𝑟𝑜)
(40)

𝐵13 = 𝐵12 = 𝐵11 =
𝑑𝑜𝑟𝑜

3𝐼𝑤𝑜𝑑2𝑜 + 𝐼𝑜𝑟2𝑜
(41)

Equations (38) through (41)deϐine the coefϐicients
of 𝐵𝑖𝑗 .
2.3. Mobile Robot Integration

The integration of two systems, the trailer and the
omniwheel mobile robot, can be modeled using the
dynamic analysis of both systems. When these sys‑
temsare integrated as shown in theFigure4, the exter‑
nal forces acting on the trailer, denoted𝐹𝑒𝑥 and𝐹𝑒𝑦 , are
equal to the tractor’s resulting tracking forces 𝐹𝑥𝑜 and
𝐹𝑦𝑜 , as expressed in Equation (28) and Equation (29).

By multiplying the Jacobian from the dynamic
models of both the trailer and the omniwheel mobile
robot, we can establish the relationship between the
wheel accelerations of the omniwheel mobile robot
and the trailerwheel velocities. The resulting equation
is provided below, which models this relationship.

቎
𝜃̈1
𝜃̈2
𝜃̈3
቏ = 𝐾𝑜𝐾𝑡 ቈ

𝜃̈𝐿
𝜃̈𝑅
቉ (42)

Equation (42) deϐines how the wheel accelera‑
tions of the omniwheel mobile robot are related to
the trailer wheel velocities through the product of the
Jacobian matrices 𝐾𝑜 and 𝐾𝑡 .

The matrix 𝐾𝑡 , representing the trailer’s dynamic
model, is given by:

Figure 4.Mobile robot integrated trailer representation

𝐾𝑡 = ൦

𝐼𝑤𝑡𝐿
2𝑑𝑡𝑟𝑡

+ 𝐼𝑡𝑟𝑡
𝑑𝑡𝐿

− 𝐼𝑤𝑡𝐿
2𝑑𝑡𝑟𝑡

− 𝐼𝑡𝑟𝑡
𝑑𝑡𝐿𝐼𝑤𝑡

𝑟𝑡
+𝑚𝑡

𝑟𝑡
𝐿

𝐼𝑤𝑡
𝑟𝑡

+𝑚𝑡
𝑟𝑡
𝐿

0 0
൪ (43)

Equation (43) provides the matrix 𝐾𝑡 , which takes
into account the physical properties of the trailer,
including moments of inertia 𝐼𝑤𝑡 and 𝐼𝑡 , the wheel
radius 𝑟𝑡 , and the distance 𝐿 between the wheels. This
matrix provides the relationship between the trailer’s
wheel accelerations and its dynamics.

The matrix 𝐾𝑜 , which models the dynamic proper‑
ties of the omniwheel mobile robot, is deϐined as:

𝐾𝑜 = ቎
𝐵11 𝐵12 𝐵13
𝐵21 𝐵22 𝐵23
𝐵31 𝐵32 𝐵33

቏ (44)

Equation (44) shows the matrix𝐾𝑜 , where the ele‑
ments 𝐵𝑖𝑗 represent coefϐicients that account for the
robot’s geometry and dynamics, including the effects
of forces and torques on the wheel accelerations. This
matrix is essential in transforming the trailer’s wheel
velocities into the mobile robot’s motor accelerations.

3. Control Method
As it is shown in dynamical analysis. The control

task for motion control of trailer realized by applying
the towing forces which are generated via the omni‑
wheel tractor robot. Therefore, control requirements
are given as: path planning between way points con‑
cerning non‑holonomic trailer kinematics, derivation
of required forces using its differential kinematics
based control strategy and actuator level control of
omniwheel robot motion for controlled towing.
3.1. Path Planning

Path planning in trailer‑tractor robots are essen‑
tial in order to achieve autonomous movement [4, 5,
20]. This autonomous movement can be planned in
different ways, they can aim choosing the most efϐi‑
cient, feasible or wanted set of movements for this
reason the path planning of mobile robots is a com‑
plicated and important task. Path planning of mobile
robots can be done using bothmathematical functions
and algorithms depending on the path planning strat‑
egy. A path planning strategy for a mobile robot is
often determined by considering a planned scenario
or a set of movements, the planned scenario includes
the work environment and all of the constraints of the
mobile robot. An example for this is if amobile robot is
in a closed andblocked environment, themovement of
the mobile robot is unconstrained and full autonomy
of the mobile robot is desired from the path planner,
the most common path planning strategies uses local
and global maps [23, 24] to determine the most efϐi‑
cient movement sets by help of many different algo‑
rithms [25–28]. These path planning strategies will
aim to be the most beneϐicent for that certain hypo‑
thetical scenarios. In this research a path planning
method is required in order to test the path tracking
success of the trailer tractor robot.
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Due to this need, a hypothetical scenario and all
of the deϐined constraints of the trailer tractor robot
are identiϐied and based on this the designed path
planning is simulated and tested inMATLAB Simulink.

In an ideal environment without obstacles, the
simplest method to achieve the desired pose is to
move along the shortest linear path. However, this
straight path is not suitable for the given problem
because it would result in rotations around the cen‑
ter of mass of the trailer. These rotations around the
center of mass of the trailer is harder to apply because
of the non‑holonomic structure of the trailer. To solve
this, a cubic Bézier curve (with 𝑛 = 3) is employed to
generate a path that avoids these rotations. The gen‑
eral form of the Bézier curve [29] is given by Equation
(45).

𝑓(𝑡) =
𝑛

෍
𝑖=0

𝑏𝑖𝐵𝑛
𝑖 (𝑡), 0 ≤ 𝑡 ≤ 1 (45)

This equation expresses the Bézier curve as a
weighted sum of basis functions 𝐵𝑛

𝑖 (𝑡), where 𝑏𝑖 are
the control points, and 𝑡 is the parameter that varies
between 0 and 1. This sum produces a curve that
interpolates between the control points.

The basis functions 𝐵𝑖(𝑡) for the Bézier curve are
deϐined in Equation (46).

𝐵𝑖(𝑡) = ቆ𝑛𝑖ቇ𝑡
𝑖(1 − 𝑡)𝑛−𝑖 , 𝑖 = 0,… , 𝑛 (46)

These functions determine the inϐluence of each
control point on the ϐinal curve. The coefϐicients are
computed using binomial expansions, ensuring that
the curve smoothly interpolates between the given
control points.

Algorithm 1 Path Generation Procedure
1: procedure PATHGENERATED(𝑃𝑓 , 𝑃𝑖)
2: 𝑃0 ← [𝑃𝑖(1); 𝑃𝑖(2)]
3: 𝑃3 ← ൣ𝑃𝑓(1); 𝑃𝑓(2)൧
4: 𝐿 ← norm(𝑃3 − 𝑃0)
5: 𝑃1 ← (𝑃0 + 0.5𝐿)[cos(𝑃𝑖(3)); sin(𝑃𝑖(3))]
6: 𝑃2 ← 𝑃3 − 0.5𝐿 ൣcos(𝑃𝑓(3)); sin(𝑃𝑓(3))൧
7: 𝑁 ← 50
8: 𝑡 ← linspace(0, 1, 𝑁)
9: 𝑝𝑎𝑡ℎ_𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 ← zeros(2, 𝑁)

10: for 𝑖 = 1 to𝑁 do
11: 𝑝𝑎𝑡ℎ_𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑(∶, 𝑖) ← (1 − 𝑡(𝑖))3𝑃0 +

3(1 − 𝑡(𝑖))2𝑡(𝑖)𝑃1 + 3(1 − 𝑡(𝑖))𝑡(𝑖)2𝑃2 + 𝑡(𝑖)3𝑃3
12: end for
13: end procedure

For cubic Bézier curves, where 𝑛 = 3, the curve is
determined by four control points. The path planning
algorithm utilizes two control points 𝑃1 and 𝑃2 along
with the initial and desired poses of the trailer. Control
point 𝑃1 is positioned towards the front of the trailer’s
initial pose, while control point 𝑃2 is placed in the
opposite direction, towards the front of the trailer’s
desired pose as shown on the Figure 5.

Figure 5. Cubic Bézier curve

The cubic Bézier curve ensures that the trailer fol‑
lows a smooth pathwithout excessive rotation around
its center of mass, providing an efϐicient solution for
path planning.

This approach avoids the complexities of more
advanced algorithms while still achieving the desired
motion. The generated path is calculated using the
path generation procedure, described in Algorithm 1.
3.2. Path Tracking

Path tracking is the process that allows
autonomous systems to travel along a desired
trajectory. The process typically consists of several
sets of rules; hence, these are referred to as
algorithms.

The path tracking algorithms are responsible for
determining the next waypoint on the planned path
and calculating the desired velocities to reach theway‑
point. Many different path tracking algorithms exist,
but one of the most suitable algorithms for the trailer
tractor system is the pure pursuit algorithm [6].

The pure pursuit algorithm, implemented in MAT‑
LABSimulink, uses a speciϐic distance called the looka‑
head point distance to decide the next waypoint, as
shown in Figure 6. The waypoints are generated from
the path planner by dividing the generated path into
a number of waypoints and listing them from start
to ϐinish. Each waypoint consists of the position and
orientation of the vehicle in task space. The next way‑
point is the farthest point within the radius of the
lookahead distance.

Figure 6. Pure pursuit algorithm
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The waypoints and the actual pose of the vehicle
are used to calculate the steering angle. The algorithm
can generate a constant linear velocity, and the angu‑
lar velocity can be bounded to the desired limits.

The success of trajectory tracking depends on the
following factors:
‑ The number of waypoints in the path and the looka‑
head distance are important. Within the lookahead
distance radius, there must always be at least one
waypoint.

‑ The vehicle’s desired linear velocity and angular
velocity should be proportional to the lookahead
distance. A lower lookahead distance causes the
vehicle to oscillate around the planned path, while
a higher lookahead distance causes the vehicle to
converge to the planned path over a longer time.
The parameters should be tuned with a constant
distance between each waypoint for the algorithm
to work regardless of the planned path.

‑ The algorithm always has a slight error due to the
lookahead distance; therefore, the tuning of param‑
eters is done by considering oscillations on the
planned path.

‑ The pure pursuit algorithmdoes not stop the vehicle
at the last waypoint; therefore, a stopping algorithm
is needed.

Algorithm 2 Pure Pursuit Path Tracking Algorithm
1: procedure PUREPURSUIT(𝑃, 𝑃𝑣 , 𝜃𝑣 , 𝐿)
2: 𝑑𝑚𝑖𝑛 ← 𝑀𝑎𝑥
3: 𝑃𝑙ℎ ← None
4: for each 𝑃𝑖 in 𝑃 do
5: 𝑑 ← Dist(𝑃𝑣 , 𝑃𝑖)
6: if 𝑑 ≥ 𝐿 and 𝑑 < 𝑑𝑚𝑖𝑛 then
7: 𝑑𝑚𝑖𝑛 ← 𝑑
8: 𝑃𝑙ℎ ← 𝑃𝑖
9: end if

10: end for
11: 𝑑𝑥 ← 𝑃𝑙ℎ(1) − 𝑃𝑣(1)
12: 𝑑𝑦 ← 𝑃𝑙ℎ(2) − 𝑃𝑣(2)
13: 𝛼 ← atan2(𝑑𝑦, 𝑑𝑥) − 𝜃𝑣
14: 𝑘 ← 2⋅sin(𝛼)

𝐿
15: 𝛿 ← atan(𝑘)
16: return 𝛿
17: end procedure

3.3. Dynamic Tracking Control

Theproblemdeϐinition states that oneof the objec‑
tives of this study is to control the trailer pose 𝑝𝑐 and
velocity𝑉𝑡 , 𝜙̇𝑡 in the task space. Thismeans that trailer
dynamics need to be controlledwith a tracking control
method. The dynamic tracking control method should
maintain the velocity at the referenced value while
tracking continues, by calculating the forcesor torques
that need to be applied.

The dynamic tracking control equations for the
trailer are given by:

𝐹𝑥 = −𝐼𝑡𝑤̇𝑐 − 𝐾𝑏𝑤𝑐 , (47)

𝐹𝑦 = 𝑚𝑡𝑉̇𝑐 + 𝐾𝑎𝑉𝑐 , (48)
The dynamic tracking control based on the Lya‑

punov function [15, 16] works well for the non‑
holonomic wheeled mobile robot. As shown above
Towing a trailer is a non‑holonomic motion con‑
trol problem which results in nonlinear mathemat‑
ical model. Hence, Lyapunov control design method
results in deployable control laws compatible with
kinematics, it is adopted in our problem as a comple‑
mentary part of motion planning [15, 16]. In Figure 8,
the simulation setup for dynamic tracking control is
shown.

Where 𝑉̇𝑐 is the trailer’s acceleration, 𝐾𝑎 is the
tangential velocity control coefϐicient,𝑉𝑐 is the trailer’s
desired tangential velocity, 𝑤̇𝑐 is the trailer’s angular
acceleration, 𝑤𝑐 is the trailer’s desired angular veloc‑
ity, and 𝐾𝑏 is the angular velocity control coefϐicient.
The Equations (47) and (48) describe the forces that
need to be applied to maintain the desired velocity

Figure 7. Pure pursuit algorithm example for (a) low, (b)
high lookahead distance

Figure 8. Dynamic tracking control
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and orientation of the trailer. The control coefϐicients
𝐾𝑎 and 𝐾𝑏 are tuned to ensure that the path tracking
is performed successfully. The method is based on
Lyapunov stability, which guarantees that the system
will remain stable while following the desired path.
3.4. Motor Tuning

Theactuator is the selectedmotorPololu37Dx73L,
12 V 131:1 gear motor with an internal 64 CPR two‑
channel encoder. This motor has a gearbox in front
of it and has an encoder at the back, which causes
the inaccuracies in the encoder readings to be less
effective on the motor torque or position.

This motor is a gray box system model, where
system models are called gray box when the theo‑
retical structure is known, but the parameters are
unknown. Gray box model systems are theoretical
white box models because, with proper data, these
system parameters can be identiϐied, and this process
is called system identiϐication.

The system identiϐication starts with data acqui‑
sition. To collect data from the three DC gear motors,
a setup containing an NI myDAQ card, Arduino Mega,
and L298N motor driver is made. With this setup,
different PWM values are given to themotor, and their
encoder data are collected from one channel. With
the help of a myDAQ card used as a switch and data
collector, the start of themotor is coordinatedwith the
given input voltage. The encoder data is collectedwith
a sampling rate of 50 kHz. All of the collected samples
are gathered for 5 seconds. The PWM voltage is given
in the ϐirst second and cut off at the exact third second.
All of the encoder data collected is stored in an Excel
ϐile. This collected data must be processed to be used
in system identiϐication.

The theoretical structure of this system is most
similar to the transfer function of a basic armature‑
controlled DC motor. The armature‑controlled DC
motor transfer function has the input as voltage and
the output as angular velocity. System identiϐication
data collected from encoder channels need to be
converted to motor angular velocities, and the input
PWM should be converted to the equivalent voltages.
These conversions are made in MATLAB using MAT‑
LAB scripts. The conversion for equivalent voltage of
PWM is simple: multiplying the 12 V with the duty
percentage works. The encoder data collected pro‑
vides the rotation information, with each rising pulse
counted, and 16 counts equals one rotation. With the
time data collected, we can ϐind the RPM values by
dividing the total rotation counted over seconds. Dis‑
turbed encoder data is cleaned and ϐilteredwith a low‑
pass ϐilter. The change of motor angular velocity and
input voltage over time is given in Figure 9.

These data conversions are made for every ϐive
input voltage duty percentages, and encoder data are
acquired from all three motors. When the conver‑
sions are done, the data are used in the MATLAB
system identiϐication toolbox. The transfer function is
obtained using an iterative curve‑ϐitting method.

The System Identiϐication Toolbox in MATLAB
requires the user to know the number of poles and

Figure 9. Input voltage and output velocity against time

Figure 10. Curve fitting of the transfer function

zeros of the transfer function. The required pieces of
information are known since the system is a gray box
model, the system has two poles and no zeros because
it works similarly to basic armature‑controlled DC
motors.

Figure 10 shows the curve ϐitting of the trans‑
fer function. The created transfer function’s system
response is %83.63 accurate according to the pro‑
cessed encoder data. The motor transfer function is
known, which means we can use other MATLAB tools
to ϐind the optimal PID coefϐicients. Finding the PID
coefϐicients can be done with another toolbox called
PID Tuner. While tuning the PID, the control effort
should be saturated. This saturation is necessary to
apply these PID values in real‑life applications and to
see the same results in simulation. The control effort
is the voltage input of this system, which means it can
only be between 12 V and ‑12 V. The output can only
be between 1050 rad/s and ‑1050 rad/s. These satu‑
ration values come from the specs of the components
used. The sample time of the simulation must be the
same as the sample time of the used hardware, and
since the hardware is digital, a ϐixed‑step solver should
be used.

Themotor transfer function is controlled using the
tuned PID parameters in Figure 11‑12. The control
system reaches a steady state in 0.5 seconds. Steady‑
state error and overshoot of the system response are
zero.

31



Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 20, N∘ 1 2026

Figure 11. Tested motor transfer function and PID
parameters

Figure 12. PID controlled motor transfer function

𝐺(𝑠) = 62840
𝑠2 + 47.1𝑠 + 738.4 (49)

𝑢(𝑠) = 𝑃 + 𝐼1𝑠 + 𝐷 𝑁
1 + 𝑁 1

𝑠
(50)

This method is applied to all three motors, and
different PID parameters are tuned. Table 1 shows the
PID parameters tuned for all three motors. Equation
(50) describes the effect of PID control parameters on
the control effort.

Table 1. Tuned PID Parameters

P I D N
Motor 1 0.231 0.358 0.007 15796.2
Motor 2 0.158 0.493 0.011 5750.9
Motor 3 0.166 0.535 0.012 6962.8

4. Simulation Procedure and Results
The proposed mobile robot is drawn in a 3D

CAD program, and the mobile robot is exported to
MATLAB Simulink using Simscape. Simscape is a
Simulink add‑on that can generate mechanical and
electromechanical models inside a simulation world,
working together with MATLAB. This tool allows this
research to be tested in an ideal and known simu‑
lation setting. Thus, the allowed degrees of freedom
of the world, the friction coefϐicient, and many other
variables can be adjusted. Additionally, simulation
results or any variable can be measured, viewed, and
logged.

Before simulating the full towing robot, the trailer
dynamics, dynamic tracking control, path planning,
and path tracking are tested using a simpliϐied Sim‑
scape model displayed on Figure 13‑14 that includes

only the trailer portion of the mechanical system
shown on Figure 19. This approach allows for a more
manageable analysis by dividing the problem into two
parts, facilitating the evaluation of the control meth‑
ods and algorithms effectiveness [30].

The path generator subsystem shown in Figure
15 uses the pseudocode in Algorithm 1 and creates
the path of the cubic Bézier function. The path is
divided into waypoints and a lookahead distance is
calculated. The waypoints are then used in the path
tracking algorithm to calculate the desired veloci‑
ties. The desired output velocities are then used in
the dynamic tracking control subsystem shown in
Figure 16. This subsystem uses the control equa‑
tions and produces the desired external towing
forces.

The Simscape Multibody Link Plugin exports the
trailer’s geometrical and physical attributes to MAT‑
LAB Simulink from SolidWorks assembly and saves

Figure 13. Simulation block diagram of trailer control

Figure 14. Trailer control simulation in MATLAB Simulink

Figure 15. Subsystem of path generation and path
tracking algorithm

Figure 16. Dynamic tracking control subsystem
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Figure 17. Subsystem of the trailer mechanical Simscape
model

Figure 18. Stopping algorithm of the trailer

attributes in a MATLAB ϐile, Simscape schematic in
a Simulink ϐile, and model appearance in STL or
STEP format. After the export, some variables can be
changed to adjust for the assumptions made for the
convenience of the analysis in the ϐirst chapter. The
Simscape mechanical model is created in an empty
worldwhen ϐirst exported. Themovement plane,main
body constraints with the world frame, wheel contact
parameters, body frames, and sensors are added to the
subsystem of the mechanical Simscape model shown
in Figure 17. The generated path is shown in simula‑
tion Figures 23‑24with a spline. The frame created on
the towing point is used for applying external towing
forces, and the frame on the center of mass is used for
position and velocity measurements.

Thepurepursuit algorithm is insufϐicientwhen the
mobile robot needs to stop. Therefore, the current and
ϐinal positions of the trailer are used to create a stop‑
ping algorithm. The distance between the center of
mass of the trailer and the ϐinal waypoint is calculated.

Figure 19. Simulation start, the trailer is at the
beginning of the path (a) isometric view, (b) front view,
(c) top view, (d) bottom view

Figure 20. Simulation Block Diagram of the tractor robot

Figure 21. Subsystem of dynamic tracking control of
trailer towed by omniwheel mobile robot

Figure 22. Simulation start, the mobile robot and trailer
are at the beginning of the path (a) isometric view, (b)
left view, (c) top view, (d) bottom view

When the trailer is within a radius of 0.01 m of
the ϐinal position, the trailer stops moving and the
simulation ends. Figure 19 illustrates the simulation
settings from isometric, front, top, and bottom views.

After the trailer control simulation approves the
success of the control methods and algorithms, the
omniwheel mobile robot is added to the Simscape
mechanical model, and the external towing forces
are replaced with the inverse dynamics of the omni‑
wheel mobile robot as shown in Figure 20. The stop‑
ping, path tracking, and path planning algorithms
remain the same; therefore, the implementation of
the mechanical model and inverse dynamic analysis is
simpler.

Figure 21 illustrates the same method of dynamic
tracking control used in Figure 16, but the overall
dynamics of the system has changed, so the coefϐi‑
cients 𝐾𝑎 and 𝐾𝑏 are adjusted again.

The simulation is shownon Figure 22. The analysis
of the simulations are doneby investigating the graphs
generated from the simulation data. The dynamic
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Figure 23. Bézier Curve path analysis with tuned
parameters

tracking control parameters, path tracking parame‑
ters, implementation of selectedmotors to the simula‑
tion and PID tuning of the motors are done by analyz‑
ing the results. Analysis of the success of path tracking
requires the simulation path to be generated in dif‑
ferent forms such as square, circle and archimedian
curved paths rather than using the path generation
algorithm to generate Bézier curved paths.

4.1. Simulation Results for Tuned Dynamic Tracking
Control Parameters

The tuning of the dynamic tracking control param‑
eters (𝐾𝑎 ,𝐾𝑏) are done by analyzing the settling time,
rise time, overshoot and steady state error data gained
fromsimulations. Theparameter values are keptwhen
a desired result is reached. In this case the control
parameters are 𝐾𝑎 = 200 and 𝐾𝑏 = 300.

Figure 23 demonstrates the path taken by trailer
when the tuned dynamic tracking control parameters
are used. The path taken by the trailer remained cor‑
rect. The trailer control simulation has an RMS error
of 29.7 mm, and the tractor robots simulation has a
3.23 mm RMS error. Although the error seems lower
in the tractor robot simulation, the path taken by the
trailer is closer to thedesiredpath in the trailer control
simulation. The lookahead distance in the tracking
algorithmof both simulationswas the same; therefore,
the difference must be due to the dynamic tracking
control coefϐicients. The reason for the error on way‑
points 49 and 50 is that in both of the simulations,
the trailer starts to shift its orientation irrelevant to
the path planningwhen the lookahead distance radius
cannot detect any more waypoints ahead. The path
tracking algorithm needs to be adjusted so that the
last point can be detected. The solution to the path
tracking algorithm is to adjust the lookahead distance
according to the stopping radius in the stopping algo‑
rithm.

The dynamic tracking control method successfully
controls the trailer with the desired velocities in the
trailer control simulation shown in Figures 24 and
25. The tractor robot simulation is controlled with
the same dynamic tracking control method, but the

Figure 24. Linear velocity of the towed trailer

Figure 25. Angular velocity of towed trailer

results havehigh steady‑state errors. This steady‑state
error can result from the hand‑tuned dynamic track‑
ing control parameters. The settling time of the trailer
control simulation is faster than the tractor robot sim‑
ulation. The trailer control simulation’s linear veloc‑
ity controls are slow and robust with no overshoot,
while the tractor robot simulation’s linear velocity
control is fast and aggressive and has overshoots. The
simulated angular velocities of both simulations have
difϐiculty settling, and the desired angular velocity is
always changing. The rapid changeof thedesiredvalue
causes the simulated values to have errors. The tractor
robot requires a faster response to rapid changes, or
another solution is to reduce the rate of rapid changes.
Therefore, better tuning of the dynamic tracking con‑
trol coefϐicients is needed to achieve faster settling
times.

Figures 24‑25 shows the measured and
desired velocities of the trailer when simulation
is started with the tuned dynamic tracking control
parameters.

The use of cubic Bézier curves for path generation
and the implementation of the path tracking algorithm
both functions effectively. The resulting simulation
path aligns closely with the desired trajectory and the
trailer successfully reaches its target pose with mini‑
mal discrepancies. Both simulations achieve the same
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desiredposebyemploying identical pathplanning and
tracking algorithms. However, in the trailer control
simulation, the trailer reaches the desired pose more
quickly compared to the tractor robot’s simulation.
This difference arises from variations in the trailer’s
average speed; speciϐically, the slower average speed
observed in the tractor robot is attributed to steady‑
state errors and overshoots within the control mech‑
anism. As shown in Figure 23, at the coordinate [1,
1.6], the simulationof the tractor robot reveals that the
trailer deviates from its intended path by 0.05meters.
This deviation persists until the target point is ϐinally
reached.

After tuning the dynamic tracking control coefϐi‑
cients, the simulations are repeated, and the desired
linear velocity is reached with a 3.96% steady‑state
error, as shown in Figure 24, while the error occurring
in the desired angular velocity is decreased (Figure
25). The tuned dynamic tracking control coefϐicients
are used in other paths, and the trajectory control is
analyzed.
4.2. Simulation Results for Different Paths

The success of thepath tracking is further analyzed
by generating non‑optimal paths for path tracking in
Simulink. The tuned dynamic tracking control param‑
eters are used and the effect of lookahead distance
is analyzed on a square path. The lookahead distance
is initially 0.25 m, for the square path analysis two
lookahead distances are examined, 0.75m and 1.25m.

Figures 26‑28 are the result of simulations when
the lookahead distance is 0.75 m.

The square path analysis in Figures 26‑31 shows
the importance of the lookahead distance. Errors on
the track appear when a sharp turn is ahead and a
higher lookahead distance is needed to track the path.
The desired angular velocities change with the looka‑
head distance in both of the lookahead distances.

The desired velocities are achieved in Figures 27
and30, therefore, thepath error onlyhappensbecause
the desired angular velocities are incorrect. Figures
29‑31 are the result of simulations when the looka‑
head distance is 1.25 m and the trailer is following a
square path.

Figure 26. Square path analysis (D=0.75 m)

Figure 27. Linear velocity of towed trailer on square
path

Figure 28. Angular velocity of towed trailer on square
path

Figure 29. Square path analysis (D=1.25 m)

Circular path analysis uses the same tuned param‑
eters and analyzes the behavior of the tracking algo‑
rithm in circular motion. Figure 32 shows the circular
path taken by the towed trailer in simulation.

The circular path in Figure 32 is tracked with the
same parameters as the Bézier curve path planning
simulations. The circular path should have a ϐixed

35



Journal of Automation, Mobile Robotics and Intelligent Systems VOLUME 20, N∘ 1 2026

desired angular velocity, but the small oscillations in
Figure 34 are due to the low resolution of the path. The
desired linear velocity is reachedwithin an acceptable
margin of error.

The circular path and the archimedian curve path
are analyzed with the tuned dynamic tracking control
parameters (𝐾𝑎 = 200 and 𝐾𝑏 = 300.) and the initial
lookahead distance (0.25 m).

The Archimedean spiral path in Figure 35 is
tracked with an error at the beginning of the path.
The curve at the beginning of the path is sharp, so the
maximum value of the angular velocity is desired in
Figure 37. It is observed that the limit angular velocity
of 0.1 rad/s is not enough to take the turn without
errors. Evenwith a larger curved turn, the trailer ϐinds
its track and reaches the desired velocity as shown in
Figure 36.

4.3. Simulation Results for Implementation of PID Con‐
trolled DC Motors

The threemotors selected for the towing robot are
integrated in the simulation in this section. In the sim‑
ulation the estimated transfer function for the three
motors are used to simulate the electromechanical

Figure 30. Linear velocity of towed trailer on square
path

Figure 31. Angular velocity of towed trailer on square
path

Figure 32. Circular path analysis

Figure 33. Linear velocity of towed trailer on circular
path

Figure 34. Angular velocity of towed trailer on circular
path

effect motors. In order to simulate the electromechan‑
ical limits of the motor, stall torques are deϐined using
saturation blocks. PID control of the motors can now
be implemented in the simulation with the found PID
parameters.

The implemented on Simulink subsystem is shown
in Figure 39.
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Figure 35. Archimedean spiral path analysis

Figure 36. Linear velocity of towed trailer on
Archimedean spiral path

The characteristics of the selected dc motors and
the PID control parameters determined with tests are
integrated into the simulation to apply a feasible sim‑
ulation setting in real life application, as shown in
Figures 38‑39. The integration of the motors and PID
control in the simulation caused the trailer to have
small oscillations around the desired path shown in
Figure 40. The linear and angular velocities of the
trailer in Figures 41‑42 are closer to the desired inputs
when the PID control is applied.

Figure 37. Simulated vs desired angular velocity of
towed trailer on Archimedean spiral path

Figure 38. Simulation block diagram including PID
control

Figure 39. Simulating the selected motors

4.4. Comparison of Results

The performance results of the simulations are
presented in Table 2 for each step of different tuning
and implemented control system for tractor trailer
mobile robot. The performance criteria for the sim‑
ulation results are; steady state linear velocity error
(𝑉ess,%) to analyze the closeness of the ϐinal linear
velocity to the desired value the in order to tune the

Table 2. Performance Comparison of Non‐Tuned, Tuned, and Motor Integrated PID Tuned Controllers

Metric Non‑Tuned Tuned Motor Integrated PID Tuned
Steady State Linear Velocity Error (𝑉ess,%) 13.29 6.26 4.32

Linear Velocity Overshoot (%) 8.68 17.48 17.17
Steady State Time (𝑇ss,s) N/A N/A 61.9

Maximum Angular Velocity Error (𝜙̇emax,rad/s) 0.104 0.092 0.117
Average Angular Velocity Error (𝜙̇eavg,rad/s) 0.010 0.006 0.008

Execution Time (s) 74.7720 68.7573 67.2488
Tracking Error (Max, m) 0.0777 0.0755 0.0756
Tracking Error (RMS, m) 0.0425 0.0408 0.0404
Tracked Path Length (m) 6.620 6.620 6.630
Planned Path Length (m) 6.627 6.627 6.627
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Figure 40. Bézier curve path analysis with
implementation of PID controlled dc motors

Figure 41. Linear velocity of towed trailer on Bézier
curve path with implementation of PID controlled dc
motors

controllers, linear velocity overshoot (%) to analyze
the initialmaximum linear velocity error of themobile
robot for the determination of success of the tuned

Figure 42. Angular velocity of towed trailer on Bézier
curve path with implementation of PID controlled dc
motors

controllers, steady state time (𝑇ss,s) in order to deter‑
mine the time that the controller takes to be in the
%5rangeof thedesiredoutput,maximumandaverage
angular velocity error (𝜙̇emax, 𝜙̇eavg,rad/s), execution
time (s), tracking error (Max, RMS, m) and tracked
and planned path length (m) to decide if the tracking
control algorithms and path planning are effective.
Each performance criteria has a purpose and effects
the tuning of control parameter. All of the results
in the Table 2 are simulated using the same path
planning and path tracking algorithms to achieve the
same pose from the same initial conditions and with
equal conditions. The difference between non‑tuned,
tuned and motor integrated PID tuned results is, non‑
tuned results refer to the results when there is no
PID controller, dynamic tracking parameters 𝐾𝑎 is 50
and 𝐾𝑏 is 120 and they are not tuned for integrated
trailer tractormobile robot, tuned results are from the
Figures 23‑25 when dynamic tracking parameters 𝐾𝑎
is 200 and 𝐾𝑏 is 300 without PID control and motor
integration, themotor integratedPID tuned results are
from theFigures38‑42when themotors transfer func‑
tion and the tuned PID controller is added to the con‑
trol system, working together with the tuned dynamic
tracking.According to these results comments about
success of the methods can be made.

In order to compare the success of the simu‑
lated control method, results regarding control per‑
formance collected from references that uses differ‑
ent methods for path tracking and control of tractor‑
trailer mobile robots [21, 31, 32]. The methods such
as adaptive control, backwards motion control, LQR
(Linear Quadratic Regulator) algorithm, model pre‑
dictive control and PID control are used to control
the trajectory successfully. These methods are just
as effective as the dynamic tracking control and PID
control used in this study. To make this claim, the
simulation and test results of these methods shown in
different ϐigures are compared and analyzed.

5. Conclusion

The simulation results show the trailer controlled
by external forces on the joint successfully tracks
the generated path. The simulation results indicate
that the designed path planning algorithm for trailer
dynamics is working as intended. Path planning can
now be developed when the trailer detects obstacles
and thepath planning is adjusted according to themap
data. The pure pursuit tracking algorithm works well
with trailer dynamics. The algorithm should have a
built‑in stopper when the last waypoint is the next
target destination stopper should activate. When the
trailer starts to move away from the last waypoint,
it means that the trailer has passed by, the stopper
algorithm should activate and stop the trailer by force.

The trailer’s dynamic tracking control is per‑
formed effectively and as for tractor robot, the control
system is fast and accurate. Steady state error and
settling time of the tractor robot can be improved by
thebetter tuningof thedynamic tracking, PIDandpath
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tracking control parameters. Oscillations of the sim‑
ulated angular velocities can be weakened by further
tuning of the dynamic tracking controller coefϐicients
or by increasing the resolution of the path generation.
The overall trajectory control of the omniwheel trac‑
tor robot performs successfully.
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