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Abstract:

The new controllability tests of the pairs (f(A), MB), where
f(A) is a function well-defined on the spectrum of the
matrix A and M is a nonsingular matrix defined by (3.7).
They are proposed and illustrated by numerical examples.
In the dual versions the tests can be used to test the
observability of the pairs (f(A), CM).
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1. Introduction

The notions of controllability and observability
introduced by Kalman [9] are the basic concepts
of the modern control theory. Modified tests for
the controllability and the observability have been
proposed in [2]. The tests have been extended to other
classes of linear continuous-time and discrete-time
systems [3-5, 7, 8, 10-12, 14]. Global stability of
discrete-time nonlinear systems with descriptor
and fractional linear parts and scalar feedbacks has
been analyzed in [6]. The stabilization of positive
descriptor fractional discrete-time linear systems
with two different fractional order by a decentralized
controller has been investigated in [13].

In this paper the tests will be extended to the
pair (f(A), MB), where f(A) is a function well-
defined on the spectrum of the matrix A and M is
a nonsingular matrix defined by (3.7). The paper is
organized as follows: Section 2 offers basic definitions
and theorems concerning controllability, stability
and Frobenius canonical forms of the continuous-
time linear systems that have been recalled. The
controllability of linear systems with different single
inputs have been considered in Section 3. The
controllability of linear systems with functions of
the state matrices has been investigated in Section
4. The general case has been analyzed in Section 5.
Concluding remarks are given in Section 6.

The following notation will be used: R - the set of
real numbers, R™*™ - the set of n X m real matrices,
RI™ - the set of n X m real matrices with nonnegative
entries and R} = RP*L, I,- the n X n identity matrix.

2. Preliminaries
Consider the continuous-time linear system
x = Ax + Bu,
y=Cx,

(2.1a)
(2.1b)

where x = x(t) € R u = u(t) € R,y =
y(t) € RP are the state, input and output vectors and
A € RV B € R™M (€ RPX™,

Definition 2.1. [2-4, 6, 10, 11] The continuous-time
linear system (2.1) is called controllable if for given
initial state x(0) € R™ and a given final state x; € R"
there exists an input u(t) € R™ for t € [0, t¢] which
steers the system from x(0) to x; = x(tr).

Theorem 2.1.[2-4, 6,10, 11] The linear system (2.1)
is controllable if and only if one of the following con-
ditions is satisfied:

1. (Kalman condition)

rank[B AB A" 1Bl =n (2.2)

2. (Hautus condition)

rank[l,s — A B]

= nfors € C (the field of complex numbers).
(2.3)

Definition 2.2. [2-4, 6,10, 11] The linear system (2.1)
is called observable if knowing its input u(t) € R™
and its output y(t) € R fort € [0 tf] itis possible
find its unique initial condition x(0) € R™.

Theorem 2.2. [2-4, 6, 10, 11] The linear system (2.1)
is observable if and only if one of the following condi-
tions is satisfied:

1. (Kalman condition)

C
rank C:A =n (2.4)
CA;l—l
2. (Hautus condition)
rank [ I"SC_ A ]
= nfors € C (the field of complex numbers).
(2.5)

Definition 2.3. [2-4, 6, 10, 11] The system (2.1) for
u(t) = 0is called asymptotically stable if

tlim x(t) = 0foranyx(0) € Ri. (2.6)
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          (3.7)             𝑀  =  𝑃    𝑀  ¯     𝑃    −  1      


\begin {equation}\label {eq3-7} M=P\bar {M}P^{-1} \tag {3.7}\end {equation}


   ℜ 


$\Re $


     ℜ    𝑛  ×  𝑚   


$\Re ^{n\times m}$


   𝑛  ×  𝑚 


$n\times m$


     ℜ  +    𝑛  ×  𝑚   


$\Re _{+}^{n\times m}$


$n\times m$


     ℜ  +  𝑛   =    ℜ  +    𝑛  ×  1   


$\Re _{+}^{n} =\Re _{+}^{n\times 1}$


     𝐼  𝑛  


$I_{n}$


   𝑛  ×  𝑛 


$n\times n$


          (2.1a)        𝑥  .   =  𝐴  𝑥  +  𝐵  𝑢  ,           (2.1b)      𝑦  =  𝐶  𝑥  ,      


\begin {align}\dot {x} = Ax + Bu,\\ y = Cx,\end {align}


   𝑥  =  𝑥  (  𝑡  )  ∈    ℜ  𝑛  


$x=x(t)\in \Re ^{n}$


   𝑢  =  𝑢  (  𝑡  )  ∈    ℜ  𝑚  


$u=u(t)\in \Re ^{m}$


   𝑦  =  𝑦  (  𝑡  )  ∈    ℜ  𝑝  


$y=y(t)\in \Re ^{p}$


   𝐴  ∈    ℜ    𝑛  ×  𝑛   


$A\in \Re ^{n\times n}$


   𝐵  ∈    ℜ    𝑛  ×  𝑚   


$B\in \Re ^{n\times m}$


   𝐶  ∈    ℜ    𝑝  ×  𝑛   


$C\in \Re ^{p\times n}$


   𝑥  (  0  )  ∈    ℜ  𝑛  


$x(0)\in \Re ^{n}$


     𝑥  𝑓   ∈    ℜ  𝑛  


$x_{f} \in \Re ^{n}$


   𝑢  (  𝑡  )  ∈    ℜ  𝑚  


$u(t)\in \Re ^{m}$


   𝑡  ∈  [  0  ,      𝑡  𝑓   ] 


$t \in [0,\, t_f]$


   𝑥  (  0  ) 


$x(0)$


     𝑥  𝑓   =  𝑥  (    𝑡  𝑓   ) 


$x_{f} =x(t_{f} )$


          (2.2)              rank   [  𝐵      𝐴  𝐵       .  .  .         𝐴    𝑛  −  1    𝐵   ]  =  𝑛    


\begin {equation}\label {eq2-2} {\rm rank}[{B} \quad {AB} \quad {...} \quad {A^{n-1} B}]=n\tag {2.2}\end {equation}


              rank   [      𝐼  𝑛   𝑠  −  𝐴     𝐵  ]         (2.3)          =  𝑛     for     s  ∈  C      (   the      field      of      complex      numbers   )   .    


\begin {align}\label {eq2-3} &{\rm rank}[{I_{n} s-A} \quad {B}]\nonumber \\ &\quad =n\,\rm {for}\, \mathit {s} \in \mathit {C} \rm {\, (the\, field\, of\, complex\, numbers)}. \tag {2.3}\end {align}


$u(t)\in \Re ^{m}$


   𝑦  (  𝑡  )  ∈    ℜ  𝑝  


$y(t)\in \Re ^{p}$


   𝑡  ∈  [  0      𝑡  𝑓   ] 


$t\in [{0} \quad {t_{f}}]$


$x(0)\in \Re ^{n}$


          (2.4)              rank       [            𝐶        𝐶  𝐴        ⋮        𝐶    𝐴    𝑛  −  1          ]   =  𝑛    


\begin {equation}\label {eq2-4} \operatorname {rank} \left [ \begin {array}{c} C\\ CA\\ \vdots \\ CA^{n-1} \end {array} \right ] = n \tag {2.4}\end {equation}


                rank       [              𝐼  𝑛   𝑠  −  𝐴        𝐶        ]            (2.5)        =  𝑛     for    s  ∈  C     (the field of complex numbers).     


\begin {align}\label {eq2-5} &\operatorname {rank} \left [ \begin {array}{c} I_n s - A\\ C \end {array} \right ]\quad \nonumber \\ & = n\, \text {for } \mathit {s} \in \mathit {C} \; \text {(the field of complex numbers).} \tag {2.5}\end {align}


   𝑢  (  𝑡  )  =  0 


$u(t)=0$


          (2.6)         lim     𝑡  →  ∞      𝑥  (  𝑡  )  =  0       for      any      x  (  0  )  ∈    ℜ  +  n   .      


\begin {align}\label {eq2-6} \mathop {\lim }\limits _{t\to \infty } x(t)=0\,\rm {for\,any}\, x(0)\in \Re _{+}^{n}.\tag {2.6}\end {align}


$u(t)=0$


          (2.7)       Re     𝜆  i   <  0       for       i  =  1  ,  …  ,  n  .      


\begin {align}\label {eq2-7} \rm {Re}\lambda _{i} <0 \,\,\rm {for}\,\,\textit {i} = 1,{\dots },\textit {n}.\tag {2.7}\end {align}


             𝐴  1      =      [            0     1     0     .  .  .     0        0     0     1     .  .  .     0        .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     0     0     1        −    𝑎  0      −    𝑎  1      −    𝑎  2      .  .  .     −    𝑎    𝑛  −  1          ]   ,            𝐴  2      =    𝐴  1  𝑇   =      [            0     0     .  .  .     0     −    𝑎  0         1     0     .  .  .     0     −    𝑎  1         0     1     .  .  .     0     −    𝑎  2         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     1     −    𝑎    𝑛  −  1          ]   ,            𝐴  3      =      [            −    𝑎    𝑛  −  1       −    𝑎    𝑛  −  2       .  .  .     −    𝑎  1      −    𝑎  0         1     0     .  .  .     0     0        0     1     .  .  .     0     0        .  .  .     .  .  .     .  .  .     .  .  .     .  .        0     0     .  .  .     1     0        ]   ,         (2.8)        𝐴  4      =    𝐴  3  𝑇   =      [            −    𝑎    𝑛  −  1       1     0     .  .  .     0        −    𝑎    𝑛  −  2       0     1     .  .  .     0        .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        −    𝑎  1      0     0     .  .  .     1        −    𝑎  0      0     0     .  .  .     0        ]   .    


\begin {align}\label {eq2-8} A_{1} &=\!\left [\begin {array}{ccccc} {0} & {1} & {0} & {...} & {0} \\ {0} & {0} & {1} & {...} & {0} \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {0} & {0} & {1} \\ {-a_{0} } & {-a_{1} } & {-a_{2} } & {...} & {-a_{n-1} } \end {array}\right ],\nonumber \\ A_{2} &=A_{1}^{T} =\!\left [\begin {array}{ccccc} {0} & {0} & {...} & {0} & {-a_{0} } \\ {1} & {0} & {...} & {0} & {-a_{1} } \\ {0} & {1} & {...} & {0} & {-a_{2} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {1} & {-a_{n-1} } \end {array}\right ], \nonumber \\ A_{3} &=\!\left [\begin {array}{ccccc} {-a_{n-1} } & {-a_{n-2} } & {...} & {-a_{1} } & {-a_{0} } \\ {1} & {0} & {...} & {0} & {0} \\ {0} & {1} & {...} & {0} & {0} \\ {...} & {...} & {...} & {...} & {..} \\ {0} & {0} & {...} & {1} & {0} \end {array}\right ],\nonumber \\ A_{4} &=A_{3}^{T} =\!\left [\begin {array}{ccccc} {-a_{n-1} } & {1} & {0} & {...} & {0} \\ {-a_{n-2} } & {0} & {1} & {...} & {0} \\ {...} & {...} & {...} & {...} & {...} \\ {-a_{1} } & {0} & {0} & {...} & {1} \\ {-a_{0} } & {0} & {0} & {...} & {0} \end {array}\right ]. \tag {2.8}\end {align}


$A\in \Re ^{n\times n}$


   𝐵  ∈    ℜ    𝑛  ×  1   


$B\in \Re ^{n\times 1}$


     𝑥  ¯   =  𝑃  𝑥 


$\bar {x}=Px$


             𝐴  1      =    𝑃  1    −  1    𝐴    𝑃  1   =      [            0     1     0     .  .  .     0        0     0     1     .  .  .     0        .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     0     0     1        −    𝑎  0      −    𝑎  1      −    𝑎  2      .  .  .     −    𝑎    𝑛  −  1          ]   ,         (2.9a)        𝐵  1      =    𝑃  1    −  1    𝐵  =      [            0        ⋮        0        1        ]   ,     det       𝑃  1   ≠  0    


\begin {align}\label {eq2-9a} A_{1} &=P_{1}^{-1} AP_{1} =\!\left [\begin {array}{ccccc} {0} & {1} & {0} & {...} & {0} \\ {0} & {0} & {1} & {...} & {0} \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {0} & {0} & {1} \\ {-a_{0} } & {-a_{1} } & {-a_{2} } & {...} & {-a_{n-1} } \end {array}\right ],\nonumber \\ B_{1} &=P_{1}^{-1} B=\!\left [\begin {array}{c} {0} \\ {\vdots } \\ {0} \\ {1} \end {array}\right ],\quad \det P_{1} \ne 0\tag {2.9a}\end {align}


             𝐴  2      =    𝑃  2    −  1    𝐴    𝑃  2   =      [            0     0     .  .  .     0     −    𝑎  0         1     0     .  .  .     0     −    𝑎  1         0     1     .  .  .     0     −    𝑎  2         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     1     −    𝑎    𝑛  −  1          ]   ,         (2.9b)        𝐵  2      =    𝑃  2    −  1    𝐵  =      [            1        0        ⋮        0        ]   ,     det       𝑃  2   ≠  0    


\begin {align}\label {eq2-9b} A_{2} &=P_{2}^{-1} AP_{2} =\!\left [\begin {array}{ccccc} {0} & {0} & {...} & {0} & {-a_{0} } \\ {1} & {0} & {...} & {0} & {-a_{1} } \\ {0} & {1} & {...} & {0} & {-a_{2} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {1} & {-a_{n-1} } \end {array}\right ],\nonumber \\ B_{2} &=P_{2}^{-1} B=\!\left [\begin {array}{c} {1} \\ {0} \\ {\vdots } \\ {0} \end {array}\right ],\quad \det P_{2} \ne 0 \tag {2.9b}\end {align}


     𝐴  3  


$A_{3}$


     𝐴  4  


$A_{4}$


   𝑎 


$a$


   𝐿  [  𝑖  ×  𝑎  ] 


$L[i\times a]$


   𝑅  [  𝑖  ×  𝑎  ] 


$R[i\times a]$


   𝑏 


$b$


   𝐿  [  𝑖  +  𝑗  ×  𝑏  ] 


$L[i+j\times b]$


   𝑅  [  𝑖  +  𝑗  ×  𝑏  ] 


$R[i+j\times b]$


   𝑅  [  𝑖  ,    𝑗  ] 


$R[i,\, j]$


$B\in \Re ^{n\times 1}$


    det     𝐴  ≠  0 


$\det A\ne 0$


          (3.1a)      𝐴  =      [            0     0     .  .  .     0     −    𝑎  0         1     0     .  .  .     0     −    𝑎  1         0     1     .  .  .     0     −    𝑎  2         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     1     −    𝑎    𝑛  −  1          ]       


\begin {align}\label {eq3-1a} A=\!\left [\begin {array}{ccccc} {0} & {0} & {...} & {0} & {-a_{0} } \\ {1} & {0} & {...} & {0} & {-a_{1} } \\ {0} & {1} & {...} & {0} & {-a_{2} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {1} & {-a_{n-1} } \end {array}\right ]\tag {3.1a}\end {align}


          (3.1b)        𝐵  1   =      [            1        0        ⋮        0        ]   ,      𝐵  2   =      [            0        1        ⋮        0        ]   ,    .  .  .  ,    𝐵  𝑛   =      [            0        ⋮        0        1        ]   .      


\begin {align}\label {eq3-1b} B_{1} =\!\left [\begin {array}{c} {1} \\ {0} \\ {\vdots } \\ {0} \end {array}\right ],\quad B_{2} =\!\left [\begin {array}{c} {0} \\ {1} \\ {\vdots } \\ {0} \end {array}\right ],\quad ...,B_{n} =\!\left [\begin {array}{c} {0} \\ {\vdots } \\ {0} \\ {1} \end {array}\right ].\tag {3.1b}\end {align}


   (  𝐴  ,    𝐵  1   ) 


$(A,B_{1} )$


              rank         [              𝐼  𝑛   𝑠  −  𝐴       𝐵  1         ]               =   rank         [                    𝑠     0     .  .  .     0       𝑎  0         −  1     𝑠     .  .  .     0       𝑎  1         0     −  1     .  .  .     0       𝑎  2         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     −  1     𝑠  +    𝑎    𝑛  −  1                    1        0        0        …        0             ]          (3.2a)          =  𝑛     for       ∀  s  ∈  C  .    


\begin {align}\label {eq3-2a} &{\rm rank}\!\left [\begin {array}{@{}cc@{}}{I_{n} s-A} & {B_{1}}\end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}cc@{}} {\begin {array}{@{}ccccc@{}} {s} & {0} & {...} & {0} & {a_{0} } \\ {-1} & {s} & {...} & {0} & {a_{1} } \\ {0} & {-1} & {...} & {0} & {a_{2} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {-1} & {s+a_{n-1} } \end {array}} & {\begin {array}{c} {1} \\ {0} \\ {0} \\ {\ldots } \\ {0} \end {array}} \end {array}\right ]\nonumber \\ &\quad =n\, \rm {for}\,\, \forall \mathit {s}\in \mathit {C}. \tag {3.2a}\end {align}


   (  𝐴  ,    𝐵  2   ) 


$(A,B_{2} )$


              rank         [              𝐼  𝑛   𝑠  −  𝐴       𝐵  2         ]               =   rank         [                    𝑠     0     .  .  .     0       𝑎  0         −  1     𝑠     .  .  .     0       𝑎  1         0     −  1     .  .  .     0       𝑎  2         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     −  1     𝑠  +    𝑎    𝑛  −  1                    0        1        0        …        0             ]          (3.2b)          =  𝑛       for       ∀  s  ∈  C    


\begin {align}\label {eq3-2b} &{\rm rank}\!\left [\begin {array}{@{}cc@{}} {I_{n} s-A} & {B_{2} } \end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}cc@{}} {\begin {array}{@{}ccccc@{}} {s} & {0} & {...} & {0} & {a_{0} } \\ {-1} & {s} & {...} & {0} & {a_{1} } \\ {0} & {-1} & {...} & {0} & {a_{2} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {-1} & {s+a_{n-1} } \end {array}} & {\begin {array}{c} {0} \\ {1} \\ {0} \\ {\ldots } \\ {0} \end {array}} \end {array}\right ]\nonumber \\ &\quad =n\,\,\rm {for}\,\,\forall \mathit {s}\in \mathit {C} \tag {3.2b}\end {align}


     𝑎  0   ≠  0 


$a_{0} \ne 0$


              rank         [              𝐼  𝑛   𝑠  −  𝐴       𝐵  𝑛         ]               =   rank         [                    𝑠     0     .  .  .     0       𝑎  0         −  1     𝑠     .  .  .     0       𝑎  1         .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     .  .  .     𝑠       𝑎    𝑛  −  2          0     0     .  .  .     −  1     𝑠  +    𝑎    𝑛  −  1                    0        0        .  .  .        0        1             ]          (3.2c)          =  𝑛       for       ∀  s  ∈  C    


\begin {align}\label {eq3-2c} &{\rm rank}\!\left [\begin {array}{@{}cc@{}} {I_{n} s-A} & {B_{n} } \end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}cc@{}} {\begin {array}{@{}ccccc@{}} {s} & {0} & {...} & {0} & {a_{0} } \\ {-1} & {s} & {...} & {0} & {a_{1} } \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {...} & {s} & {a_{n-2} } \\ {0} & {0} & {...} & {-1} & {s+a_{n-1} } \end {array}} & {\begin {array}{c} {0} \\ {0} \\ {...} \\ {0} \\ {1} \end {array}} \end {array}\right ]\nonumber \\ &\quad =n\,\,\rm {for}\,\,\forall \mathit {s}\in \mathit {C} \tag {3.2c}\end {align}


   (  𝐴  ,    𝐵  𝑖   ) 


$(A,B_{i} )$


     𝑎  0   =   det     𝐴  ≠  0 


$a_{0} =\det A\ne 0$


          (3.3a)        𝐴  1   =      [            0     1     0        0     0     1        −  1     −  2     −  3        ]   ,      𝐴  2   =      [            0     0     −  1        1     0     −  2        0     1     −  3        ]       


\begin {align}\label {eq3-3a} A_{1} =\!\left [\begin {array}{@{}ccc@{}} {0} & {1} & {0} \\ {0} & {0} & {1} \\ {-1} & {-2} & {-3} \end {array}\right ],\quad A_{2} =\!\left [\begin {array}{@{}ccc@{}} {0} & {0} & {-1} \\ {1} & {0} & {-2} \\ {0} & {1} & {-3} \end {array}\right ]\tag {3.3a}\end {align}


          (3.3b)        𝐵  1   =      [            1        0        0        ]   ,      𝐵  2   =      [            0        1        0        ]   ,      𝐵  3   =      [            0        0        1        ]   .      


\begin {align}\label {eq3-3b} B_{1} =\!\left [\begin {array}{c} {1} \\ {0} \\ {0} \end {array}\right ],\quad B_{2} =\!\left [\begin {array}{c} {0} \\ {1} \\ {0} \end {array}\right ],\quad B_{3} =\!\left [\begin {array}{c} {0} \\ {0} \\ {1} \end {array}\right ].\tag {3.3b}\end {align}


              rank         [              𝐵  1        𝐴  1     𝐵  1        𝐴  1  2     𝐵  1         ]          (3.4a)          =   rank         [            1     0     0        0     0     −  1        0     −  1     3        ]   =  3  ,    


\begin {align}\label {eq3-4a} &{\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{1} } & {A_{1} B_{1} } & {A_{1}^{2} B_{1} } \end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {1} & {0} & {0} \\ {0} & {0} & {-1} \\ {0} & {-1} & {3} \end {array}\right ]=3,\tag {3.4a}\end {align}


              rank         [              𝐵  2        𝐴  1     𝐵  2        𝐴  1  2     𝐵  2         ]          (3.4b)          =   rank         [            0     1     0        1     0     −  2        0     −  2     5        ]   =  3  ,    


\begin {align}\label {eq3-4b} &{\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{2} } & {A_{1} B_{2} } & {A_{1}^{2} B_{2} } \end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {0} & {1} & {0} \\ {1} & {0} & {-2} \\ {0} & {-2} & {5} \end {array}\right ]=3,\tag {3.4b}\end {align}


              rank         [              𝐵  3        𝐴  1     𝐵  3        𝐴  1  2     𝐵  3         ]          (3.4c)          =   rank         [            0     0     1        0     1     −  3        1     −  3     7        ]   =  3    


\begin {align}\label {eq3-4c} &{\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{3} } & {A_{1} B_{3} } & {A_{1}^{2} B_{3} } \end {array}\right ]\nonumber \\ &\quad ={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {0} & {0} & {1} \\ {0} & {1} & {-3} \\ {1} & {-3} & {7} \end {array}\right ]=3 \tag {3.4c}\end {align}


          (3.5a)       rank         [              𝐵  1        𝐴  2     𝐵  1        𝐴  2  2     𝐵  1         ]   =   rank         [            1     0     0        0     1     0        0     0     1        ]   =  3  ,      


\begin {align}\label {eq3-5a} {\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{1} } & {A_{2} B_{1} } & {A_{2}^{2} B_{1} } \end {array}\right ]={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {1} & {0} & {0} \\ {0} & {1} & {0} \\ {0} & {0} & {1} \end {array}\right ]=3,\tag {3.5a}\end {align}


          (3.5b)       rank         [              𝐵  2        𝐴  2     𝐵  2        𝐴  2  2     𝐵  2         ]   =   rank         [            0     0     −  1        1     0     −  2        0     1     −  3        ]   =  3  ,      


\begin {align}\label {eq3-5b} {\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{2} } & {A_{2} B_{2} } & {A_{2}^{2} B_{2} } \end {array}\right ]={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {0} & {0} & {-1} \\ {1} & {0} & {-2} \\ {0} & {1} & {-3} \end {array}\right ]=3,\tag {3.5b}\end {align}


          (3.5c)       rank         [              𝐵  3        𝐴  2     𝐵  3        𝐴  2  2     𝐵  3         ]   =   rank         [            0     −  1     3        0     −  2     5        1     −  3     7        ]   =  3  .      


\begin {align}\label {eq3-5c} {\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B_{3} } & {A_{2} B_{3} } & {A_{2}^{2} B_{3} } \end {array}\right ]={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {0} & {-1} & {3} \\ {0} & {-2} & {5} \\ {1} & {-3} & {7} \end {array}\right ]=3.\tag {3.5c}\end {align}


             𝐴  ¯      =    𝑃    −  1    𝐴  𝑃  =      [            0     1     0     .  .  .     0        0     0     1     .  .  .     0        .  .  .     .  .  .     .  .  .     .  .  .     .  .  .        0     0     0     0     1        −    𝑎  0      −    𝑎  1      −    𝑎  2      .  .  .     −    𝑎    𝑛  −  1          ]   ,         (3.6)        𝐵  ¯      =    𝑃    −  1    𝐵  =      [            0        ⋮        0        1        ]   ,     det     𝐴  ≠  0  ,     det     𝑃  ≠  0    


\begin {align}\label {eq3-6} \bar {A}&=P^{-1} AP=\!\left [\begin {array}{@{}ccccc@{}} {0} & {1} & {0} & {...} & {0} \\ {0} & {0} & {1} & {...} & {0} \\ {...} & {...} & {...} & {...} & {...} \\ {0} & {0} & {0} & {0} & {1} \\ {-a_{0} } & {-a_{1} } & {-a_{2} } & {...} & {-a_{n-1} } \end {array}\right ],\nonumber \\ \bar {B}&=P^{-1} B=\!\left [\begin {array}{c} {0} \\ {\vdots } \\ {0} \\ {1} \end {array}\right ],\quad \det A\ne 0,\quad \det P\ne 0 \tag {3.6}\end {align}


   𝑀  ∈    ℜ    𝑛  ×  𝑛   


$M\in \Re ^{n\times n}$


   (    𝐴  ¯   ,  𝑀    𝐵  ¯   ) 


$(\bar {A},M\bar {B})$


          (3.8)               𝑃    −  1    𝑀  𝑃  =    𝑃    −  1    𝑀  𝑃    𝑃    −  1    𝐵  =    𝑀  ¯       𝐵  ¯   =    𝐵  ˆ     


\begin {equation}\label {eq3-8} P^{-1} MP=P^{-1} MPP^{-1} B=\bar {M}\, \bar {B}=\hat {B} \tag {3.8}\end {equation}


          (3.9)               𝑀  ¯   =    𝑃    −  1    𝑀  𝑃  ,                   𝐵  ¯   =    𝑀    −  1    𝐵    


\begin {equation}\label {eq3-9} \bar {M}=P^{-1} MP,\begin {array}{c} {} \end {array}\bar {B}=M^{-1} B \tag {3.9}\end {equation}


     𝑀  ¯   ∈    ℜ    𝑛  ×  𝑛   


$\bar {M}\in \Re ^{n\times n}$


     𝑀  ¯       𝐵  ¯   ∈    ℜ    𝑛  ×  1   


$\bar {M}\, \bar {B}\in \Re ^{n\times 1}$


   (    𝐴  ¯   ,    𝐵  ˆ   ) 


$(\bar {A},\hat {B})$


$\det A\ne 0$


$(\bar {A},\hat {B})$


$\det A\ne 0$


   (    𝐴  ¯   ,    𝐵  ¯   ) 


$(\bar {A},\bar {B})$


     𝑀  ¯  


$\bar {M}$


          (3.10)             𝐴  =      [            −  0  .  5     −  1     −  0  .   75         −  0  .  5     1     0  .   75         1     −  6     −  2  .  5        ]   ,    𝐵  =      [            1        0        2        ]     


\begin {equation}\label {eq3-10} A=\!\left [\begin {array}{@{}ccc@{}} {-0.5} & {-1} & {-0.75} \\ {-0.5} & {1} & {0.75} \\ {1} & {-6} & {-2.5} \end {array}\right ],\quad B=\!\left [\begin {array}{c} {1} \\ {0} \\ {2} \end {array}\right ]\tag {3.10}\end {equation}


          (3.11)             𝑃  =      [            2     0     1        1     1     0        0     0     2        ]     


\begin {equation}\label {eq3-11} P=\!\left [\begin {array}{@{}ccc@{}} {2} & {0} & {1} \\ {1} & {1} & {0} \\ {0} & {0} & {2} \end {array}\right ] \tag {3.11}\end {equation}


          (3.12)               𝐴  ¯   =    𝑃    −  1    𝐴  𝑃  =      [            0     1     0        0     0     1        −  2     −  3     −  2        ]   ,      𝐵  ¯   =    𝑃    −  1    𝐵  =      [            0        0        1        ]   .    


\begin {equation}\label {eq3-12} \bar {A}=P^{-1} AP=\!\left [\begin {array}{c@{}c@{}c} {0} & {1} & {0} \\ {0} & {0} & {1} \\ {-2} & {-3} & {-2} \end {array}\right ],\quad \bar {B}=P^{-1} B=\!\left [\begin {array}{c} {0} \\ {0} \\ {1} \end {array}\right ].\tag {3.12}\end {equation}


$\bar {M}$


          (3.13)               𝑀  ¯   =      [            0     1     0        1     0     0        0     0     1        ]   .    


\begin {equation}\label {eq3-13} \bar {M}=\!\left [\begin {array}{@{}ccc@{}} {0} & {1} & {0} \\ {1} & {0} & {0} \\ {0} & {0} & {1} \end {array}\right ]. \tag {3.13}\end {equation}


          (3.14)             𝑀  =  𝑃    𝑀  ¯     𝑃    −  1    =      [            0     −  1     −  0  .   25         −  0  .   25      0     0        0  .  5     −  3     −  1  .   25         ]     


\begin {equation}\label {eq3-14} M=P\bar {M}P^{-1} =\!\left [\begin {array}{@{}ccc@{}} {0} & {-1} & {-0.25} \\ {-0.25} & {0} & {0} \\ {0.5} & {-3} & {-1.25} \end {array}\right ] \tag {3.14}\end {equation}


   𝐵  ∈    ℜ    𝑛  ×  𝑚    ,                 𝑚  >  1 


$B\in \Re ^{n\times m} ,\begin {array}{c} {} \end {array}m>1$


          (3.15)             𝐵  𝑘  =  𝑏  ∈    ℜ  𝑛   ,                 𝑘  ∈    ℜ  𝑚   .    


\begin {equation}\label {eq3-15} Bk=b\in \Re ^{n} ,\begin {array}{c} {} \end {array}k\in \Re ^{m} . \tag {3.15}\end {equation}


          (3.16)              det         [            𝐵  𝑘     𝐴  𝐵  𝑘     .  .  .       𝐴    𝑛  −  1    𝐵  𝑘        ]   ≠  0  .    


\begin {equation}\label {eq3-16} \det \!\left [\begin {array}{@{}cccc@{}} {Bk} & {ABk} & {...} & {A^{n-1} Bk} \end {array}\right ]\ne 0.\tag {3.16}\end {equation}


          (4.1)             Ψ  (  𝜆  )  =  (  𝜆  −    𝜆  1     )    𝑚  1    (  𝜆  −    𝜆  2     )    𝑚  2    .  .  .  (  𝜆  −    𝜆  𝑟     )    𝑚  𝑟      


\begin {equation}\label {eq4-1} \Psi (\lambda )=(\lambda -\lambda _{1} )^{m_{1} } (\lambda -\lambda _{2} )^{m_{2} } ...(\lambda -\lambda _{r} )^{m_{r} } \tag {4.1}\end {equation}


     𝜆  1   ,  .  .  .  ,    𝜆  𝑟  


$\lambda _{1} ,...,\lambda _{r}$


     ∑    𝑖  =  1   𝑟     𝑚  𝑖   =  𝑚  ≤  𝑛 


$\sum _{i=1}^{r}m_{i} =m\le n$


   𝑓  (  𝜆  ) 


$f(\lambda )$


     𝜎  𝐴   =  {    𝜆  1   ,  .  .  .  ,    𝜆  𝑟   } 


$\sigma _{A} =\{ \lambda _{1} ,...,\lambda _{r} \}$


             𝑓  (  𝜆  )  ,                   𝑓    (  1  )    (    𝜆  𝑘   )  =            𝑑  𝑓  (  𝜆  )     𝑑  𝜆    |     𝜆  =    𝜆  𝑘     ,                 .  .  .  ,         (4.2)            𝑓    (    𝑚  𝑘   −  1  )    (    𝜆  𝑘   )  =              𝑑      𝑚  𝑘   −  1    𝑓  (  𝜆  )     𝑑    𝜆      𝑚  𝑘   −  1      |     𝜆  =    𝜆  𝑘     ,                 𝑘  =  1  ,  .  .  .  ,  𝑟    


\begin {align}\label {eq4-2} &f(\lambda ),\begin {array}{c} {} \end {array}f^{(1)} (\lambda _{k} )=\left . \frac {df(\lambda )}{d\lambda } \right |_{\lambda =\lambda _{k} } ,\begin {array}{c} {} \end {array}...,\nonumber \\ &\quad f^{(m_{k} -1)} (\lambda _{k} )=\left . \frac {d^{m_{k} -1} f(\lambda )}{d\lambda ^{m_{k} -1} } \right |_{\lambda =\lambda _{k} } ,\begin {array}{c} {} \end {array}k=1,...,r \tag {4.2}\end {align}


          (4.3a)             𝑓  (  𝐴  )  =    ∑    𝑖  =  1   𝑟     𝑍    𝑖  1    𝑓  (    𝜆  𝑖   )  +    𝑍    𝑖  2      𝑓    (  1  )    (    𝜆  𝑖   )  +  .  .  .  +    𝑍    𝑖    𝑚  𝑖       𝑓    (    𝑚  𝑖   −  1  )    (    𝜆  𝑖   )    


\begin {equation}\label {eq4-3a} f(A)=\sum _{i=1}^{r}Z_{i1} f(\lambda _{i} )+Z_{i2} f^{(1)} (\lambda _{i} )+...+ Z_{im_{i} } f^{(m_{i} -1)} (\lambda _{i} )\tag {4.3a}\end {equation}


          (4.3b)               𝑍    𝑖  𝑗    =    ∑    𝑘  =  𝑗  −  1       𝑚  𝑖   −  1          Ψ  𝑖   (  𝐴  )  (  𝐴  −    𝜆  𝑖     𝐼  𝑛     )  𝑘      (  𝑘  −  𝑗  +  1  )  !  (  𝑗  −  1  )  !        𝑑    𝑘  −  𝑗  +  1      𝑑    𝜆    𝑘  −  𝑗  +  1                  [    1      Ψ  𝑖   (  𝜆  )    ]   |     𝜆  =    𝜆  𝑖       


\begin {equation}\label {eq4-3b} Z_{ij} =\sum _{k=j-1}^{m_{i} -1}\frac {\Psi _{i} (A)(A-\lambda _{i} I_{n} )^{k} }{(k-j+1)!(j-1)!} \frac {d^{k-j+1} }{d\lambda ^{k-j+1} } \left . \left [\frac {1}{\Psi _{i} (\lambda )} \right ]\right |_{\lambda =\lambda _{i} }\tag {4.3b}\end {equation}


          (4.3c)               Ψ  𝑖   (  𝜆  )  =      Ψ  (  𝜆  )     (  𝜆  −    𝜆  𝑖     )    𝑚  𝑖      ,                 𝑖  =  1  ,  .  .  .  ,  𝑟  .    


\begin {equation}\label {eq4-3c} \Psi _{i} (\lambda )=\frac {\Psi (\lambda )}{(\lambda -\lambda _{i} )^{m_{i} } } ,\begin {array}{c} {} \end {array}i=1,...,r.\tag {4.3c}\end {equation}


     𝜆  1   ,  .  .  .  ,    𝜆  𝑛  


$\lambda _{1} ,...,\lambda _{n}$


     𝜆  𝑖   ≠    𝜆  𝑗   ,                 𝑖  ≠  𝑗 


$\lambda _{i} \ne \lambda _{j} ,\begin {array}{c} {} \end {array}i\ne j$


          (4.4)             Ψ  (  𝜆  )  =  (  𝜆  −    𝜆  1   )  (  𝜆  −    𝜆  2   )  .  .  .  (  𝜆  −    𝜆  𝑛   )    


\begin {equation}\label {eq4-4} \Psi (\lambda )=(\lambda -\lambda _{1} )(\lambda -\lambda _{2} )...(\lambda -\lambda _{n} ) \tag {4.4}\end {equation}


          (4.5a)             𝑓  (  𝐴  )  =    ∑    𝑘  =  1   𝑛     𝑍  𝑘   𝑓  (    𝜆  𝑘   )    


\begin {equation}\label {eq4-5a} f(A)=\sum _{k=1}^{n}Z_{k} f(\lambda _{k} )\tag {4.5a}\end {equation}


          (4.5b)               𝑍  𝑘   =    ∏       𝑛       𝐴  −    𝜆  𝑖     𝐼  𝑛        𝜆  𝑘   −    𝜆  𝑖     ,    𝑘  =  1  ,  …  ,  𝑛    


\begin {equation}\label {eq4-5b} Z_k=\prod _{\substack {i=1\\ i\neq k}}^{n} \frac {A-\lambda _i I_n}{\lambda _k-\lambda _i}, \qquad k=1,\ldots ,n\tag {4.5b}\end {equation}


     𝑍    𝑖  𝑗   


$Z_{ij}$


          (4.6a)               ∑    𝑖  =  1   𝑟     𝑍    𝑖  1    =    𝐼  𝑛     


\begin {equation}\label {eq4-6a} \sum _{i=1}^{r}Z_{i1} =I_{n}\tag {4.6a}\end {equation}


          (4.6b)               𝑍    𝑖  𝑗      𝑍    𝑘  𝑗    =  0       for       𝑖  ≠  𝑘    


\begin {equation}\label {eq4-6b} Z_{ij} Z_{kj} =0\,\,{\rm for}\,\, i\ne k\tag {4.6b}\end {equation}


          (4.6c)               𝑍    𝑖  1      𝑍    𝑘  𝑗    =    𝑍    𝑖  𝑗         for       𝑖  =  1  ,  .  .  .  ,  𝑟  ;      𝑗  =  1  ,  .  .  .  ,  𝑚    


\begin {equation}\label {eq4-6c} Z_{i1} Z_{kj} =Z_{ij}\,\, {\rm for}\,\,i=1,...,r;\,\,j=1,...,m \tag {4.6c}\end {equation}


          (4.6d)               𝑍    𝑖  1   𝑘   =    𝑍    𝑖  1         for       𝑘  =  1  ,  2  ,  .  .  .  ;      𝑖  =  1  ,  .  .  .  ,  𝑟    


\begin {equation}\label {eq4-6d} Z_{i1}^{k} =Z_{i1}\,\,{\rm for}\,\,k=1,2,...;\,\,i=1,...,r\tag {4.6d}\end {equation}


             𝑍    𝑖  𝑗       =    1    (  𝑗  −  1  )  !    (  𝐴  −    𝐼  𝑛     𝜆  𝑖     )    𝑗  −  1      𝑍    𝑖  1         for          (4.6e)          𝑖  =  1  ,  .  .  .  𝑟  ;      𝑗  =  1  ,  .  .  .  ,  𝑚    


\begin {align}\label {eq4-6e} Z_{ij} &=\frac {1}{(j-1)!} (A-I_{n} \lambda _{i} )^{j-1} Z_{i1}\,\,{\rm for}\nonumber \\ &\quad i=1,...r;\,\, j=1,...,m\tag {4.6e}\end {align}


          (4.7a)               ∑    𝑘  =  1   𝑛     𝑍  𝑘   =    𝐼  𝑛     


\begin {equation}\label {eq4-7a} \sum _{k=1}^{n}Z_{k} =I_{n}\tag {4.7a}\end {equation}


          (4.7b)               𝑍  𝑖     𝑍  𝑗   =  0       for       𝑖  ≠  𝑗  ,      𝑖  ,  𝑗  =  1  ,  .  .  .  ,  𝑛    


\begin {equation}\label {eq4-7b} Z_{i} Z_{j} =0\,\,{\rm for}\,\,i\ne j,\,\,i,j=1,...,n\tag {4.7b}\end {equation}


          (4.7c)               𝑍  𝑖  𝑘   =    𝑍  𝑖        for   ,    𝑘  =  1  ,  2  ,  .  .  .      𝑖  =  1  ,  .  .  .  ,  𝑛    


\begin {equation}\label {eq4-7c} Z_{i}^{k} =Z_{i} \,\,{\rm for}\\,\,k=1,2,...\,\,i=1,...,n \tag {4.7c}\end {equation}


$\lambda _{i} \ne \lambda _{j} ,\begin {array}{c} {} \end {array}i\ne j$


$f(\lambda )$


              rank         [            𝐵     𝑓  (  𝐴  )  𝐵     .  .  .     (  𝑓  (  𝐴  )    )    𝑛  −  1    𝐵        ]   =   rank          (4.8)              [            𝐵       ∑    𝑖  =  1   𝑛     𝑍  𝑖   𝑓  (    𝜆  𝑖   )  𝐵     .  .  .         (    ∑    𝑖  =  1   𝑛     𝑍  𝑖   𝑓  (    𝜆  𝑖   )  )     𝑛  −  1      𝐵        ]     


\begin {align}\label {eq4-8} &{\rm rank}\!\left [\begin {array}{@{}cccc@{}} {B} & {f(A)B} & {...} & {(f(A))^{n-1} B} \end {array}\right ]={\rm rank}\nonumber \\ &\!\left [\begin {array}{@{}cccc@{}} {B} & {\sum _{i=1}^{n}Z_{i} f(\lambda _{i} )B } & {...} & {\left (\sum _{i=1}^{n}Z_{i} f(\lambda _{i} ) \right )^{n-1} B} \end {array}\right ]\tag {4.8}\end {align}


     𝑍  𝑖     𝑍  𝑗   =  0                  for                  𝑖  ≠  𝑗 


$Z_{i} Z_{j} =0\begin {array}{c} {} \end {array}{\rm for}\begin {array}{c} {} \end {array}i\ne j$


     𝑍  𝑖  𝑘   =    𝑍  𝑖                   for                  𝑘  =  1  ,  2  ,  .  .  .                 𝑖  =  1  ,  .  .  .  ,  𝑛 


$Z_{i}^{k} =Z_{i} \begin {array}{c} {} \end {array}{\rm for}\begin {array}{c} {} \end {array}k=1,2,...\begin {array}{c} {} \end {array}i=1,...,n$


              rank         [            𝐵     𝑓  (  𝐴  )  𝐵     .  .  .     (  𝑓  (  𝐴  )    )    𝑛  −  1    𝐵        ]   =   rank          (4.9)              [            𝐵       ∑    𝑖  =  1   𝑛     𝑍  𝑖   𝑓  (    𝜆  𝑖   )  𝐵     .  .  .       ∑    𝑖  =  1   𝑛     𝑍  𝑖   (  𝑓  (    𝜆  𝑖   )    )    𝑛  −  1    𝐵        ]     


\begin {align}\label {eq4-9} &{\rm rank}\!\left [\begin {array}{@{}cccc@{}} {B} & {f(A)B} & {...} & {(f(A))^{n-1} B} \end {array}\right ]={\rm rank}\nonumber \\ &\!\left [\begin {array}{@{}cccc@{}} {B} & {\sum _{i=1}^{n}Z_{i} f(\lambda _{i} )B } & {...} & {\sum _{i=1}^{n}Z_{i} (f(\lambda _{i} ))^{n-1} B} \end {array}\right ]\tag {4.9}\end {align}


          (4.10)                 (    ∑    𝑖  =  1   𝑛     𝑎  𝑖     𝑍  𝑖   )   𝑘   =    ∑    𝑖  =  1   𝑛     𝑎  𝑖  𝑘     𝑍  𝑖        for       𝑘  =  1  ,  2  ,  .  .  .    


\begin {equation}\label {eq4-10} \left (\sum _{i=1}^{n}a_{i} Z_{i} \right )^{k} =\sum _{i=1}^{n}a_{i}^{k} Z_{i}\,\,{\rm for}\,\, k=1,2,... \tag {4.10}\end {equation}


              rank         [            𝐵     𝑓  (  𝐴  )  𝐵     .  .  .     (  𝑓  (  𝐴  )    )    𝑛  −  1    𝐵        ]             =   rank         [            𝐵     𝐴  𝐵     .  .  .       𝐴    𝑛  −  1    𝐵        ]     𝐻         (4.11a)        =   rank         [            𝐵     𝐴  𝐵     .  .  .       𝐴    𝑛  −  1    𝐵        ]     


\begin {align}\label {eq4-11a} &{\rm rank}\!\left [\begin {array}{@{}cccc@{}} {B} & {f(A)B} & {...} & {(f(A))^{n-1} B} \end {array}\right ]\nonumber \\ &={\rm rank}\!\left [\begin {array}{@{}cccc@{}} {B} & {AB} & {...} & {A^{n-1} B} \end {array}\right ]H \nonumber \\ &={\rm rank}\!\left [\begin {array}{@{}cccc@{}} {B} & {AB} & {...} & {A^{n-1} B} \end {array}\right ]\tag {4.11a}\end {align}


          (4.11b)             𝐻  =      [            1       𝑎  0      .  .  .       𝑎  0    𝑛  −  1          0       𝑎  1      .  .  .       𝑎  1    𝑛  −  1          .  .  .     .  .  .     .  .  .     .  .  .        0       𝑎    𝑛  −  1       .  .  .       𝑎    𝑛  −  1     𝑛  −  1          ]     


\begin {equation}\label {eq4-11b} H=\!\left [\begin {array}{@{}cccc@{}} {1} & {a_{0} } & {...} & {a_{0}^{n-1} } \\ {0} & {a_{1} } & {...} & {a_{1}^{n-1} } \\ {...} & {...} & {...} & {...} \\ {0} & {a_{n-1} } & {...} & {a_{n-1}^{n-1} } \end {array}\right ]\tag {4.11b}\end {equation}


     𝑠  𝑖   ≠    𝑠  𝑗   ,                 𝑖  ≠  𝑗  ,                 𝑖  ,  𝑗  =  1  ,  .  .  .  ,  𝑛 


$s_{i} \ne s_{j} ,\begin {array}{c} {} \end {array}i\ne j,\begin {array}{c} {} \end {array}i,j=1,...,n$


$\lambda _{1} ,...,\lambda _{n}$


$f(\lambda )$


          (4.12)             𝐴  =      [            0     1     0        0     0     1        −  6     −   11      −  6        ]   ,    𝐵  =      [            0        0        1        ]   .    


\begin {equation}\label {eq4-12} A=\!\left [\begin {array}{@{}ccc@{}} {0} & {1} & {0} \\ {0} & {0} & {1} \\ {-6} & {-11} & {-6} \end {array}\right ],\quad B=\!\left [\begin {array}{c} {0} \\ {0} \\ {1} \end {array}\right ]. \tag {4.12}\end {equation}


          (4.13)              det   [    𝐼  3   𝑠  −  𝐴  ]  =    |            𝑠     −  1     0        0     𝑠     −  1        6      11      𝑠  +  6        |   =    𝑠  3   +  6    𝑠  2   +   11   𝑠  +  6    


\begin {equation}\label {eq4-13} \det [I_{3} s-A]=\left |\begin {array}{@{}ccc@{}} {s} & {-1} & {0} \\ {0} & {s} & {-1} \\ {6} & {11} & {s+6} \end {array}\right |=s^{3} +6s^{2} +11s+6 \tag {4.13}\end {equation}


     𝑠  1   =  −  1  ,                   𝑠  2   =  −  2  ,                   𝑠  3   =  −  3 


$s_{1} =-1,\begin {array}{c} {} \end {array}s_{2} =-2,\begin {array}{c} {} \end {array}s_{3} =-3$


             𝑍  1      =      (  𝐴  −    𝐼  3     𝑠  2   )  (  𝐴  −    𝐼  3     𝑠  3   )     (    𝑠  1   −    𝑠  2   )  (    𝑠  1   −    𝑠  3   )    =  3    𝐼  3   +    5  2   𝐴  +    1  2     𝐴  2   ,            𝑍  2      =      (  𝐴  −    𝐼  3     𝑠  1   )  (  𝐴  −    𝐼  3     𝑠  3   )     (    𝑠  2   −    𝑠  1   )  (    𝑠  2   −    𝑠  3   )    =  −  3    𝐼  3   −  4  𝐴  −    𝐴  2   ,         (4.14)        𝑍  3      =      (  𝐴  −    𝐼  3     𝑠  1   )  (  𝐴  −    𝐼  3     𝑠  2   )     (    𝑠  3   −    𝑠  2   )  (    𝑠  3   −    𝑠  1   )    =    𝐼  3   +    3  2   𝐴  +    1  2     𝐴  2     


\begin {align}\label {eq4-14} Z_{1} &=\frac {(A-I_{3} s_{2} )(A-I_{3} s_{3} )}{(s_{1} -s_{2} )(s_{1} -s_{3} )} =3I_{3} +\frac {5}{2} A+\frac {1}{2} A^{2} , \nonumber \\ Z_{2} &=\frac {(A-I_{3} s_{1} )(A-I_{3} s_{3} )}{(s_{2} -s_{1} )(s_{2} -s_{3} )} =-3I_{3} -4A-A^{2} , \nonumber \\ Z_{3} &=\frac {(A-I_{3} s_{1} )(A-I_{3} s_{2} )}{(s_{3} -s_{2} )(s_{3} -s_{1} )} =I_{3} +\frac {3}{2} A+\frac {1}{2} A^{2} \tag {4.14}\end {align}


          (4.15a)               𝑒  𝐴   =    𝑎  0     𝐼  3   +    𝑎  1   𝐴  +    𝑎  2     𝐴  2     


\begin {equation}\label {eq4-15a} e^{A} =a_{0} I_{3} +a_{1} A+a_{2} A^{2}\tag {4.15a}\end {equation}


             𝑎  0      =  3  (    𝑒    −  1    −    𝑒    −  2    )  +    𝑒    −  3    ,      𝑎  1   =    5  2     𝑒    −  1    −  4    𝑒    −  2    +    3  2     𝑒    −  3    ,         (4.15b)        𝑎  2      =    1  2     𝑒    −  1    −    𝑒    −  2    +    1  2     𝑒    −  3      


\begin {align}\label {eq4-15b} a_{0} &=3(e^{-1} -e^{-2} )+e^{-3},\quad a_{1} =\frac {5}{2} e^{-1} -4e^{-2} +\frac {3}{2} e^{-3},\nonumber \\ a_{2} &=\frac {1}{2} e^{-1} -e^{-2} +\frac {1}{2} e^{-3}\tag {4.15b}\end {align}


              rank         [            𝐵       𝑒  𝐴   𝐵     (    𝑒  𝐴     )  2   𝐵        ]             =   rank         [            B     (    𝑎  0     𝐼  3   +    𝑎  1   𝐴  +    𝑎  2     𝐴  2   )  𝐵     (    𝑎  0     𝐼  3   +    𝑎  1   𝐴  +    𝑎  2     𝐴  2     )  2   𝐵        ]             =   rank         [            B       𝑎  0   𝐵  +    𝑎  1   𝐴  𝐵  +    𝑎  2     𝐴  2   𝐵       𝑎  0  2   𝐵  +    𝑎  1  2   𝐴  𝐵  +    𝑎  2  2     𝐴  2   𝐵        ]          (4.16a)        =   rank         [            B      AB        A  2   𝐵        ]     𝐻  =   rank         [            B      AB        A  2   𝐵        ]      


\begin {align}\label {eq4-16a} &{\rm rank}\!\left [\begin {array}{@{}ccc@{}} {B} & {e^{A} B} & {(e^{A} )^{2} B} \end {array}\right ]\nonumber \\ &={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {{\rm B}} & {(a_{0} I_{3} +a_{1} A+a_{2} A^{2} )B} & {(a_{0} I_{3} +a_{1} A+a_{2} A^{2} )^{2} B} \end {array}\right ]\nonumber \\ &={\rm rank} \!\left [\begin {array}{@{}ccc@{}} {{\rm B}} & {a_{0} B+a_{1} AB+a_{2} A^{2} B} & {a_{0}^{2} B+a_{1}^{2} AB+a_{2}^{2} A^{2} B} \end {array}\right ]\nonumber \\ &={\rm rank} {\!\left [\begin {array}{@{}ccc@{}} {{\rm B}} & {{\rm AB}} & {{\rm A}^{{\rm 2}} B} \end {array}\right ]H={\rm rank}\!\left [\begin {array}{@{}ccc@{}} {{\rm B}} & {{\rm AB}} & {{\rm A}^{{\rm 2}} B} \end {array}\right ]}\tag {4.16a}\end {align}


          (4.16b)             𝐻  =      [            1       𝑎  0        𝑎  0  2         0       𝑎  1        𝑎  1  2         0       𝑎  2        𝑎  2  2         ]     


\begin {equation}\label {eq4-16b} H=\!\left [\begin {array}{@{}ccc@{}} {1} & {a_{0} } & {a_{0}^{2} } \\ {0} & {a_{1} } & {a_{1}^{2} } \\ {0} & {a_{2} } & {a_{2}^{2} } \end {array}\right ]\tag {4.16b}\end {equation}


   (    𝑒  𝐴   ,  𝐵  ) 


$(e^{A} ,B)$


$f(\lambda )$


$\det A\ne 0$


   (    𝐴    −  1    ,  𝑀  𝐵  ) 


$(A^{-1} ,MB)$


$s_{1} =-1,\begin {array}{c} {} \end {array}s_{2} =-2,\begin {array}{c} {} \end {array}s_{3} =-3$


             𝐴    −  1       =        [            0     1     0        0     0     0        −  6     −   11      −  6        ]     −  1           (5.1)        =      [            −  1  .   833      −  1     −  0  .   167         1     0     0        0     1     0        ]     


\begin {align}\label {eq5-1} A^{-1} &=\!\left [\begin {array}{@{}ccc@{}} {0} & {1} & {0} \\ {0} & {0} & {0} \\ {-6} & {-11} & {-6} \end {array}\right ]^{-1}\nonumber \\ & =\!\left [\begin {array}{@{}ccc@{}} {-1.833} & {-1} & {-0.167} \\ {1} & {0} & {0} \\ {0} & {1} & {0} \end {array}\right ] \tag {5.1}\end {align}


          (5.2)             𝑀  𝐵  =      [            0     −  1     −  0  .   25         −  0  .   25      0     0        −  0  .  5     −  3     −  1  .   25         ]         [            1        0        2        ]   =      [            −  0  .  5        −  0  .   25         −  2        ]     


\begin {equation}\label {eq5-2} MB=\!\left [\begin {array}{@{}ccc@{}} {0} & {-1} & {-0.25} \\ {-0.25} & {0} & {0} \\ {-0.5} & {-3} & {-1.25} \end {array}\right ]\!\left [\begin {array}{c} {1} \\ {0} \\ {2} \end {array}\right ]=\!\left [\begin {array}{c} {-0.5} \\ {-0.25} \\ {-2} \end {array}\right ] \tag {5.2}\end {equation}


$(A^{-1} ,MB)$


                det         [            𝑀  𝐵       𝐴    −  1    𝑀  𝐵     (    𝐴    −  1      )  2   𝑀  𝐵        ]          (5.3)          =    |            −  0  .  5     1  .  5     −  2  .   208         −  0  .   25      −  0  .  5     1  .  5        −  2     −  0  .   25      −  0  .  5        |   =  −  2  .   93     


\begin {align}\label {eq5-3} &\det \!\left [\begin {array}{@{}ccc@{}} {MB} & {A^{-1} MB} & {(A^{-1} )^{2} MB} \end {array}\right ]\nonumber \\ &\quad =\left |\begin {array}{@{}ccc@{}} {-0.5} & {1.5} & {-2.208} \\ {-0.25} & {-0.5} & {1.5} \\ {-2} & {-0.25} & {-0.5} \end {array}\right |=-2.93 \tag {5.3}\end {align}


$f(\lambda )$


$\det A\ne 0$


       ∗  


$^*$


$^*$
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Theorem 2.3. [2-4, 6, 10, 11] The linear system (2.1)
for u(t) = 0 is asymptotically stable if and only if the
eigenvalues of the matrix A satisfies the condition

Re4; <0 fori=1,..,n. (2.7)

Definition 2.4. The matrix 4 has the Frobenius canon-
ical form if it has one of the following forms:

0 1 0 0
0 0 1 . 0
A =] . ,
0 0 0 o0 1
—Qp —a1 —a —0n-1
0 0 0 -—ag
1 0 0 —-a
A, =AT=| 0 1 0 -—a, |,
0 0 .. 1 —a,4
—Qp-1 —Ap—2 - —A1 —Qo
1 0 . 0 0
Az = 0 1 . 0 0 |,
0 0 1 0
—-a,.1 1 0 .. 0
—-ap_, 0 1 .. 0
A, =A% = I (2.8)
-a, 0 0 .. 1
-a, 0 0 .. O

The inverse matrices of the matrices (2.8) have
also the Frobenius canonical forms [6].

It is well-known that [4, 9, 10, 12] the controllable
pair (A € R™", B € R™*1) by the similarity transfor-
mation X = Px can be transform to its canonical form

0 1 0 0
0 0 1 0
A = Pl‘lAP1 = .. ,
0 0 0 0 1
—Qy —a; —a —Ap-1
0
&:PfBza , detP, #0 (2.9a)
1
0 0 0 -—ag
1 0 0 -a
A2=P2_1AP2= 0 1 0 _az ,
0 0 1 —a,_q
1
0

In a similar way we may obtain the remaining
canonical forms of A3 and A, given by (2.8).

The following elementary operations on real
matrices will be used [3, 4, 7]:

1) Multiplication of any i-th row (column) by the
number a. This operation will be denoted by

L[i x a] for row operation and by R[i X a] for
column operation.

2) Addition to any i-th row (column) of the j-th row
(column) multiplied by any number b. This oper-
ation will be denoted by L[i + j X b] for row
operation and by R[i+j X b] for column operation.

3) for interchange of rows and R[i, j] for inter-
change of columns.

3. Controllability of a class of multi-inputs
linear systems

Consider the matrix A in the canonical form given
by (2.8) and the matrix B € R™! with only one
nonzero entry equal 1.

Theorem 3.1. The above pair (4,B) is controllable if
the matrix 4 is nonsingular (det A # 0).

Proof. Let the matrix 4 has the form

0 0 .. 0 =—qg
10 .. 0 -
A=[0 1 .. 0 —a (3.1a)
0 0 .. 1 —ay4q
and the matrix B one of the following forms
1 0 0
&_?, &=? '“&=6 (3.1b)
0 0 1

The pair (4, B;) is controllable since by Hautus
condition (2.3)

rank[l,s —A Bj]

S 0o .. O ay 1
-1 S 0 a, 0
=rankf 0 -1 .. O a, 0
0 0 -1 s+a,q4 O
= nfor Vs € C. (3.2a)
The pair (4, B;) is also controllable since
rank[[,s —A B,|
s o .. O ay 0
-1 s . 0 aq 1
=rank] 0 -1 .. O a, 0
0 0 -1 s+a,.1 O
=nforvsecC (3.2b)

and ay # 0.
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Continuing this procedure after n steps we obtain This confirm the Theorem 3.1.
Given the controllable pair
rank[lns —A Bn]
0 1 0 . 0
s 0 . O ao 0
1 s 0 a 0 0 0 1 . 0
— rank ! A=P1AP = ,
0 0 .. s Ap_o 0 0 0 0 0 1
0 0 -1 s+a,, 1 % Th % ~n-1
=nforVvsecC (3.2c) O
B=PlB= (') , detA#0, detP+0 (3.6)
Therefore, the pairs (4, B;), i = 1,2,...,n is control- 1

lable if ag = detA # 0.

Example 3.1. Consider the pair (4,B), for

0 1 0] 0 0 -1
A;=[0 0 1|, 4,=|1 0 -2 (33a)
-1 -2 -3] 0 1 -3
and
1 0 0
By=[0]|, By=|1]|, By=[0][. (33b)
0 | 0 1

Using the Kalman condition (2.2) for (3.3) we
obtain

rank[B; A;B; AjB|

1 0 0
=rank[0 0 -1[=3, (3.4a)
0 -1 3
rank[Bz AlBZ A%Bz]
0 1 0
=rank[l 0 -=-2|=3, (3.4b)
0 -2 5
rank[B; A;B; A}Bj;]
0 0 1
=rank[0 1 -=-3|=3 (3.40)
1 -3 7
and
100
rank[B; A;B; A3B;] =rank|0 1 0|=3,
0 0 1
(3.5a)
0 0 -1
rank[B, A;B, A3B,|=rank|l 0 -2|=3,
0 1 -3
(3.5b)
0 -1 3
rank[B; A;B; A3B;| =rank|0 -2 5|=3.
1 -3 7
(3.5¢)

Find a nonsingular matrix M € R"™*" such that the pair
(A, MB) is also controllable.

Let
M =pMp! (3.7)
then
P~'MP =P 'MPP'B=MB =8 (3.8)
where
M =P'MP, B=M"'B (3.9)

Let M € R™™ be a monomial matrix (in each row and
in each column only one element is nonzero and the
remaining elements are zero). In this case the matrix
M B € R™! has only one nonzero element and the
remaining elements are zero and by Theorem 3.1 the
pair (4, B) is controllable.

Therefore, the following theorem has been proved:

Theorem 3.2. If the pair (4,B) is controllable and
det A # 0 then the pair (4, B) is also controllable.

To find the matrix M the following procedure can
be used.

Procedure 3.1.

Step 1. For the controllable pair (4,B), det A # 0, find
the matrix P and the pair (4, B) defined by (3.6).

Step 2. Choose the monomial matrix M.

Step 3. Compute the desired matrix (3.7).

Example 3.2. For the given controllable pair

-05 -1 —0.75 1
A=|-05 1 075]|, B=|0 (3.10)
1 -6 -25 2

find the matrix M such that the pair (4,MB) is also
controllable.
Using Procedure 3.1 we obtain

Step 1. In this case the matrix P has the form

2 0 1
P=|1 1 0 (3.11)
0 0 2
and
010 0
A=P1AP=| 001 |, B=P1B=|0
—2—-3-2 1

(3.12)
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Step 2. We choose the monomial matrix M in the form

0
M=]|1
0

S O

0
0]. (3.13)
1

Step 3. The desired matrix M has the form

0 -1 —0.25
M=PMP1=|-025 0 0 (3.14)
05 -3 —1.25

It is easy to check that the pair (4,MB) for A and B
given by (3.10) and M by (3.14) is also controllable.

Remark 3.1.

The above considerations for single-input systems
can be easily extended to multi-input case in the fol-
lowing way. Let B € R™™, m > 1and

Bk=b€eR", keR™ (3.15)

The vector k is chosen so that the equivalent single
input system with input matrix b is controllable and
satisfies the condition

det[Bk ABk A"'Bk] # 0. (3.16)

4. Controllability of systems with functions
of state matrices
Consider the controllable linear system (2.1a) and

the minimal characteristic polynomial of the matrix A
in the form

YA =A-2)™MA-A)™2..(A-21)™  (41)

where A4, ..., 4, are the eigenvalues of the matrix A
and Z;l m; = m < n. Itis assumed that the function
f (1) is well defined on the spectrum g4 = {44, ..., 4;-}
of the matrix 4, i.e.

af(d)
f, fOW)=—F= I
k i |,_,.
_ d™f(A)
f(mk 1)(,1 )= — , k=1,.,
k damet |, r
(4.2)

are finite [1].
In this case the matrix f(4) is well-defined and it is
given by the Lagrange-Sylvester formula [1]

f4) = Z Zinf )+ Ziof DA+t Zign f ™D ()
=1

(4.3a)
where
Zi: = AN W (A)(A — NIk aki+t 1
VoL (k= DI - DA @]
5= N
(4.3b)
and
v
l.IJl(A) = m; 1= 1, vy T (43C)
i

In particular case when the eigenvalues 14, .., 4,, of

the matrix 4 are distinct (4; # 4;, { # j)
YD =ALA-1)DA—-21)..(A -1 (4.4)
then the formula (4.3a) has the form
n
FA) =) Zef ) (4:52)
k=1
where
n
A— Al
7, = 1_[ S22 k=1,..n  (45h)
i A A
izk

Itis well-known [1] that the matrices Z;; satisfy the

equalities

r
Z Zo =1, (4.6)

i=1
ZinZyj=Zjfori=1,.,7r j=1.,m (4.6¢)
Zk =z fork=1,2,.;i=1,.,r (4.6d)

1 1
Zij = G- 1)!(A — I,A;Y™1Z;, for

i=1.r;j=1,..,m (4.6€)

In particular case the matrices (4.5b) satisfy the

equalities
n
Z Z. =1, (4.7a)
k=1
ZZ;=0fori#j, i,j=1,.,n (4.7b)
Zk =7 for,k=1,2,..i=1,.,n (4.7¢)

To simplify the notation, we shall consider the
details for the case when the matrix A has only distinct
eigenvalues 4; # 1;, 1 #].

Theorem 4.1. The pair (f (4),B) is controllable if, and
only if, the pair (4,B) is controllable and the function
f(4) is well defined on the spectrum of the matrix A.

Proof. Using (2.2) and (4.5) we obtain
rank[B f(AB (f(A))"_lB] = rank
B SLizf 0B . (B, Zs00)" B 48)

Taking into account that Z;Z; = 0 for i # j
andzZF =2z; for k=1,2,.. i=1,,.,n/(relations
(4.7)) we obtain

rank[B f(A)B
[B X, Zif(A)B

since

(f(A)"'B] = rank
Vi1 ZiF )" 'B] (4.9)

k n

aiZl-> = z akz; fork=1,2,..

i=1

(4.10)
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After some algebraic manipulations we obtain

rank[B  f(A)B (f(A)"B]

=rank|B AB A"1B|H
=rank[B AB .. A"'B] (4.11a)
where the matrix
1 a ad~t
=0 @ ai™ (4.11b)
0 Guy . all}

is nonsingular for s; # sj, t#j, Lj=1.,n
This completes the proof.

Remark 4.1. In general case the proof of Theorem 4.1
is similar. In this case the relations (4.6) should be
used instead of (4.7).

The controllability of the pair (f(4), B) can be
checked by the use of the following procedure.

Procedure 4.1.

Step 1. Compute the eigenvalues 44,..,4, of the
matrix A.

Step 2. Check if the function f (1) satisfies the condi-
tions (4.2).

Step 3. Check the controllability of the pair (f(4),B).

Example 4.1. Consider the controllable pair

0 1 0 0
A=lo o 1|, B=|o0]|. (4.12)
-6 —-11 —6 1

Using Procedure 4.1 we obtain the following.
Step 1. The characteristic polynomial of the matrix A
given by (4.12) has the form

s -1 0
det[Ilj5 —A] =10 s —1|[=s3+6s2+11s+6
6 11 s+6
(4.13)
and the eigenvalues of the matrixare s; = —1, s, =
-2, s3=-3.

Step 2. In this case the conditions (4.2) are satisfied
and using (4.5b) we obtain

A—135,)(A —I3s 5 1
_@obs)Ulsy g 5, 1,

-
! (51— 52)(s51 = 83) 2 2
(A —1351)(14 _1353)
7, = = —3I; — 44 — A2,
z (s2 = s1)(s2 — $3) ’
A—I35,)(A—I3s 3. .1
Z3:( 351)( 3 2):[3—|——A+—A2 (4.14)

(53 = s2)(53 — 51) 2 2
The matrices (4.14) satisfy the relations (4.7) and

e = agl; + a1 A + a,A? (4.15a)
where
5 3
ag=3(t—e ) +e3 a = Ee'l —4e 2 + 5e”
1 1
a, = Ee‘l —e 2+ 53‘3 (4.15b)

Step 3. Using (3.14) and (4.15a) we obtain

rank[B  e“B (e”)?B]

=rank[B (a,ls + a,A + a,A*)B  (aols + a,A + a,A*)?B]|

=rank[B aoB + a,AB + a,A*B  a%B + aiAB + a3A*B|
=ran{B AB A’B|H =rank[B AB A’B| (4.16a)

where the matrix

1 ay a?
H=|0 a, a? (4.16b)
0 a, a3

is nonsingular.
Therefore, the pair (e, B) is controllable.

5. General case and the extension to the
observability of the systems

In this section the general case will be considered
using the results of sections 3 and 4.

Theorem 5.1.If the function f(4) is well-defined on
the spectrum of the matrix 4, detA # 0 and the
pair (4,B) is controllable (4 and B are defined by (3.6)
and (3.8)) then the pair (f(A4),MB) is controllable for
matrix M defined by (3.7).

Proof follows immediately from the proofs of The-
orem 3.1 and 4.1.

The controllability of the pair (f(4),MB) can be
checked by the use of Procedures 3.1 and 4.1.
Example 5.1. Check the controllability of the pair
(A1, MB) for the matrices 4, B given by (3.10) and the
matrix M by (3.14).

The pair (3.10) is controllable and the matrix M
has been obtained from the matrix (3.13) by similarity
transformation (3.14).

The eigenvalues of the matrix A are s; =
-1, s, = =2, s3 = —3 and the there exists the
its inverse matrix

-1

[ 0 1 0
Al=l0 0 0
-6 —-11 -6
[—-1.833 -1 —0.167
= 1 0 0 (5.1)
0 1 0

Taking into account (3.14) and the matrix B we
obtain

0 -1 —-0.25]| 1 —0.5
MB =(-025 0 0 0 |=| —0.25
-05 -3 -—-1.25(] 2 -2
(5.2)
The pair (A1, MB) is controllable since

det{MB A™'MB (A"%)?MB]

—0.5 1.5 —2.208
=[-0.25 -05 1.5 [=-293 (5.3)
-2 =025 -05

This simple example confirms the Theorem 5.1.
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Using the well-known duality between the con-
trollability and the observability of linear systems the
above presented results for the controllability can be
extended to the observability of the above classes of
linear systems.

For example, the Theorem 5.1 can be extended to
the observability case as follows.

Theorem 5.2. If the function f (1) is well-defined on
the spectrum of the matrix 4, detA # 0 and the pair
(4,C) is observable then the pair (f(4),CM) is observ-
able for the nonsingular matrix M defined by (3.7).

6. Concluding remarks

The controllability and observability tests have
been extended to the pair (f(4), MB), where f(4) is a
function well-defined on the spectrum of the matrix
A and M is a nonsingular matrix defined by (3.7). The
controllability tests of linear systems with different
single inputs have been investigated (Theorem 3.1 and
3.2). The controllability tests of linear systems with
functions of the state matrices has been established
(Theorem 4.1). Procedures for checking the controlla-
bility tests have been given and illustrated by numeri-
cal examples. The tests can be easily extended to check
the observability of the systems. Using the approach
given in [5] the results of this paper can be extended
to convex linear combination of the controllability
(observability) pairs. Open problems are extensions
of these results to discrete-time linear systems and to
fractional linear systems.
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